Higher multipole and retardation effects in the spin and polarization correlations of polarized photoelectrons ejected from the 2p J - subshell by polarized photons - a nonrelativistic approach

A. Bechler

Institute ofPhysics, UniversityofSzczecin, Wielkopolska 15, 70 451 Szczecin, Poland

R. H. Pratt

Department ofPhysics and Astronomy, UniversityofPittsburgh, Pittsburgh, Pa 15260, USA

Short title: Retardation effects for polarized photoelectrons

PACS number: 3280F

Abstract

We study spin and p olarization correlations in atomic photoionization from np

J

subshells, including the first retardation corrections to the dipole approximation. This extends previous work on distributions of unpolarized photoelectrons ejected by polarized photons [A. Bechler and R. H. Pratt, Phys. Rev. A39 , 1774 (1989), A42 , 6400 (1990)]. A non-relativistic Pauli-

Schrödinger approach in a self-consistent central potential is used, neglecting spin-orbit coupling. There are nontrivial correlations, even in this non-relativistic approximation, even without taking into account spin-orbit coupling, provided the electron is ejected from a subshell with a definite value J of the total angular momentum. (However, if summation over J is performed, one would have to include the spin-orbit coupling in order to obtain any remaining spin and polarisation correlations in the non relativistic approach.). Explicit formulas are given in terms of dipole and quadrupole radial matrix elements and phase shift differences. Results are compared with exact numerical calculations. Corrections to the dipole approximation are generally small at low energies and low Z, but increase with energy and atomic number.

Including the first retardation corrections significantly improves agreement.

1. In troduction

Recently there has been increasing interest in the angular distributions and polarization correlations, including non-dipolar effects, in atomic photoionization. In two recent papers Kim et al. (1992, 1995) considered the polarization correlations for high Z ns and np J -subshell photoionization, using independent particle approximation (IPA) in a relativistic self-consistent atomic field of the Dirac-Slater type, including all significant multipole contributions. This extended earlier studies of the correlations by Pratt, Levee, Pexton and Aron (1964) and Pratt,

Ron and Tseng (1973). The angular distributions and polarization correlations in photoionization and radiative recombination were also investigated by Scofield (1989). The full relativistic formulation of the IPA theory of atomic photoeffect, including the spin and polarization correlations, can be found, among others, in the papers of Pratt et al. (1973), Huang (1980,

1982), or in the paper of Lee (1974), which used the helicity formalism. Detailed knowledge of spin and polarization correlations is essential for the complete description of atomic and molecular photoionization.

It has long been known that photoelectrons are, in general, spin polarized. Fano (1969,

1969a) pointed out that the small difference in energy positions of Cooper minima, i.e. the zeros of radial matrix elements, in ns ®

e p 1 2 and ns ® e p 3 2 channels due to the spin - orbit

interaction, leads to a large spin polarization of the photoelectron in the visible and ultraviolet

range. By now, it is well known that spin polarized electrons may be ejected from unpolarized

atoms by photons of any polarization state, including unpolarized photons (Kessler 1985).

Spin polarization of photoelectrons was considered within a non-relativistic framework

by Cherepkov (1979, 1983) in the random-phase approximation with exchange. In the case of

an unpolarized atom and polarized light the ejected photoelectrons are usually spin- polarized.

Polarization can arise from the spin-orbit interaction in the initial and final state. However, even

if one does not take the spin-orbit coupling into account there are still nontrivial spin and

polarization correlations, provided one selects an initial electron with a given value of the orbital

angular momentum L 2 and given value of the total angular momentum J 2 (together with J z these are good quantum numbers for the nonrelativistic electron). However, these polarizations

cancel after summation over two possible values of the total angular momentum J, i.e. for J = L

± 1/2, so that there are no spin correlations in an nL-subshell cross section. (In the relativistic

case, while L in fact is not a good quantum number, it may be understood as a label for the

parity of the state.)

The non-dipolar effects in photoionization have also been investigated for a long time.

For instance, the full non-relativistic multipole results for the angular distribution of 1s

photoelectrons in the point-Coulomb case were obtained by Fischer (1931). [For a review of

early results on non-dipolar effects see Tseng et al. (1978)]. Later first retardation corrections to

the angular distributions of photoelectrons were considered by Amusia et al. (1975), Amusia and

Cherepkov (1975), Wang et al. (1982), Bechler and Pratt (1989, 1990), Pratt and Kim (1993),

Cooper (1990, 1993) and Ron et al. (1994). For instance, Amusia et al. (1975) showed that, for

unpolarized light, the maximum of the angular distribution of ejected photoelectrons can be

shifted, perpendicular to the incident photon direction for s-states in dipole approximation, can

be shifted either backward or forward, depending on the photon energy. This effect has been

also investigated later by Wang et al. (1982). Calculations of Bechler and Pratt (1989, 1990) for

1s, 2s and 2p subshells, and by Cooper (1990, 1993) for n = 1 - 4 subshells of rare gases showed

that the retardation effects can be of the order of 10% for photoelectron energies ~100 eV and of

the order 20 - 30% for ~2 keV in the case of initial s-subshells. For 1 - 2 keV photoelectrons

ejected from p-subshells the retardation effects in the angular distributions are also quite

pronounced (10 - 20%), although at lower energies they are smaller than in the s-subshells.

First experimental measurements of photoelectron angular distributions using high-

energy x-rays were performed in the 1920s (Bothe 1924, Auger and Perrin 1927); they showed

pronounced forward peaking of the distributions. Most subsequent experimental work was

performed at photon energies a few tens to a few hundreds of keV above threshold. For a review

of these experiments and comparison with theoretical predictions in this energy region see Tseng

et al. (1978). First measurements of non-dipolar effects in the soft x-ray region were performed

by Krause (1969) and Wuilleumier and Krause (1974); they showed a distinct increase of the

photoelectron intensity in the forward direction. Recently measurements of non-dipolar effects in

the angular distributions of unpolarized photoelectrons from K- and L-shells of noble gases for

electron energies from a few tens of eV to 3 keV were performed by Krässig et al. (1995, 1996)

and Jung et al. (1996). The angular distributions show forward or backward asymmetry, and the

experimentally determined parameters describing angular distributions compare well with the

results of recent calculations of Cooper (1993) and Bechler and Pratt (1989, 1990).

In the present paper we investigate multipole and retardation effect s in the spin and

polarization correlations for 2p J photoelectrons in the nonrelativistic framework, using

independent particle approximation. The electron wave function, both in the initial and final

state, is treated nonrelativistically, and the photon plane wave is expanded in powers of the

photon momentum k up to and including terms linear in k . This accounts for the standard

nonrelativistic dipole approximation and the so-called first retardation (quadrupole) correction.

We have shown previously (Bechler and Pratt 1989) that the first retardation correction to the

matrix element is in general of order Z a , or v c in the point-Coulomb case, with relativistic

corrections of the order Z a

( ) 2

and v c ( ) 2 . It is therefore justified to consider the first

retardation corrections to angular distributions and polarization correlations of photoelectrons

using an otherwise nonrelativistic approach with nonrelativistic wave functions for the initial and

final electron. This can be contrasted with integrated cross sections, in which corrections in the

distributions proportional to Z a ( v c ) integrate to zero. The result is that in total cross sections

relativistic and surviving retardation corrections are of the same order of magnitude.

In the language of a multipole expansion of the incident photon field, including the

dipole and first retardation contributions is equivalent to taking into account the electric dipole,

electric quadrupole and magnetic dipole terms in their long wavelength limit, i.e. keeping the

leading non-vanishing contributions of those multipoles in the limit that k (the photon

momentum) goes to zero. The retardation correction then corresponds to the [k ® 0] limit of the

electric quadrupole and magnetic dipole contributions, with the magnetic dipole contribution

vanishing in independent particle approximation (Bechler and Pratt 1989, 1990, Cooper 1990)

The general form of the photoeffect cross-section with polarized light and polarized final

photoelectrons is (Pratt et al. 1973) d s

d W

, ( ) = d s

d W æ

è ö

ø

unpol

1

2

C

ij x

i z

j

i , j = 0

3 å , (1.1)

where the photon polarization is characterized by Stokes parameters x

1

, x

2

, x

3 and z

1

, z

2

, z

3

specify the spin direction of the ejected electron in its rest frame. The parameters x

0 and z

0 are,

by definition, equal to unity and also C 00

= 1 . The spin and polarization correlation coefficients

C ij depend on the direction of the ejected photoelectron. It is the main purpose of the present

paper to find their explicit form, including dipole and first retardation contributions. We also

express the correlation coefficients C ij in terms of the dynamical parameters introduced by

Huang (1980, 1982), which are the coefficients of an expansion of the polarized cross-section

for the photoeffect in terms of the matrix elements of the rotation group, d mn l q( ) . We will use the

results for the correlation coefficients and dynamical parameters to discuss the polarization of

the ejected electron, making a detailed examination of the case of transverse polarization in the

production plane, and of case of the longitudinal polarization of the photoelectron ejected by a

circularly polarized photon.

The paper is organized as follows. Section 2 contains general considerations concerning

the spin and polarization correlations in the case of an initial electron in a np J subshell, together

with a discussion of the significance of higher multipoles at small and large energies. This

section contains also some remarks concerning the applicability of the independent particle

approximation at higher energies, in view of recent paper of Dias et al. (1997). Section 3

contains the formalism, based on our previous paper (Bechler and Pratt 1990), with the

modifications necessary for the full description of the spin and polarization correlations. In

Section 4 we give explicit expressions for the coefficients C ij q ( ) for np J initial electron states in

the dipole and first retardation approximations, in terms of radial matrix elements and phase shift

differences. Explicit formulas for photoelectron spin are given both in terms of the correlation

coefficients (Kim, Goldberg and Pratt 1995) and the dynamical parameters (Huang 1980, 1982).

Section 5 presents and discusses results for the 2p dynamical parameters as functions of energy,

for five values of the atomic number (Z = 6, 10, 18, 26 and 36), for photoelectron energies

from threshold to 20 keV. Section 6 is devoted to a discussion of the spin of the photoelectron,

based on these results, with a particular focus on the case of circularly polarized photons.

Section 7 contains final remarks. Technical details of the calculation and explicit formulas for

the rotation group matrix elements are given in Appendix A. Relations between the correlation

coefficients and dynamical parameters, and explicit expressions for the latter in terms of radial

matrix elements and phase shifts, are given in Appendix B.

2. Gener al considerations

In this section we discuss some general issues related to the problem of spin and

polarization correlations in photoionization. These are: the importance of spin - orbit coupling

for the correlations and the justification of neglecting the spin - orbit interaction when a definite

J - state is chosen as an initial state, the importance of higher multipoles at low energies, and the

applicability of independent particle approximation.

As already mentioned in the Introduction, in a non rela tivistic approach weighted sums of

the probabilities for J = L - 1 2 and L + 1 2 subshells show no correlations of spin and polarization unless the differences between radial matrix elements due to spin - orbit coupling

are taken into account (Cherepkov 1979). In the present approach we take an initial electron state

with given total angular momentum quantum number J , without performing a summation over

J for a given value of L . This leads to nontrivial spin - polarization correlations even when

spin - orbit coupling is neglected.

Since spin - orbit coupling does influence transition amplitudes it is necessary to check

under what circumstances its influence on the correlations is small. For this purpose one can

compare the magnitude of the residual correlation effects due to spin - orbit coupling for a

particular np

J

- subshell, with the spin - polarization correlations which are due to picking the J

- state as an initial state. We examined sums of the probabilities for np 1 2 and np 3 2 initial states

multiplied by their statistical weights (2 and 4 respectively). Using as an example recent results

for the spin and polarization correlations in the photoionization of various subshells of Uranium

(Kim, Goldberg and Pratt 1995, Goldberg 1995) one can show that for the 2p subshell the

summed correlation coefficients C

ij are small up to outgoing electron energies of the order of

few keV. We may expect therefore that for 2p subshells the spin - orbit coupling does not yield

significant correlation effects at low energies. On the other hand, the full multipole results (not

summed) for the correlation coefficients in the case of photoelectrons ejected from 2 p 1 2 and

2 p

3 2 subshells are not separately small (Kim, Goldberg and Pratt 1995) which shows that

dominant contribution to the correlations is due to picking a particular 2 p J - state and not due to

the spin - orbit coupling.

In two previous papers (Kim, Goldberg and Pratt 1992, 1995) the photon - electron

polarization correlations were studied using full multipole numerical results for the polarization

coefficients C ij . For low energies of the ejected electron the dipole results reproduce well the

angular dependence of exact full multipole polarization coefficients, with higher multipoles

starting to play role at higher energies, and in those cases at lower energies, for which the C ij

vanished in the non relativistic dipole approximation. The numerical calculations show that

multipoles beyond dipole and quadrupole start to play a significant role for energies exceeding

~ 2 keV . For energies below 2 keV either dipole or dipole + quadrupole terms give a quite

accurate description of the angular dependence of the correlation coefficients. In the long -

wavelength limit this corresponds to non relativistic dipole plus the first retardation correction. It

is interesting to note that this formalism is sufficient for the regime in which atomic potential

screening matters. Regarding screening effects it has been shown (Pratt and LaJohn 1995,

LaJohn and Pratt 1998, 1998a) that, except for bound state normalization, they play a significant

role only for low multipoles, since with increasing energy, when higher multipoles are needed,

the point - Coulomb calculations become quite accurate.

Regarding applicability of the independent particle approximation, it has been argued in

the recent paper by Dias et al. (1997) that in the photoionization of np subshells the interchannel

coupling with the nearby ns channel persists for high energies of the outgoing electron, so that

the independent particle approximation is insufficient at all energies. This conclusion was

illustrated in 2p photoionization of Neon, where RPA calculations with interchannel coupling

taken into account show deviations from the IPA results of the order of 30% at photon energies

μ 1 - 1.4 keV, in agreement with experiment. An important question, not discussed in the paper

of Dias et al., is the Z - dependence of the IPA breaking effects. Examining recent perturbative

calculations of Drukarev (1998) we may argue that at high energies the relative magnitude of the

final state interaction (FSI) correction is μ Z - 1 , independent of energy, which indicates a decreasing FSI effect for increasing atomic number. This is supported by previous experimental

measurements of nondipolar angular distribution parameters for the 2p photoionization of

Krypton (Jung et al. 1996), which compare well with the IPA calculations of Bechler and Pratt

(1990) and Cooper (1993). Our conclusion is that, while the FSI effects require further

investigation, and in particular their Z - dependence has to be understood, the independent

particle calculations presented here give for high energies the dominant contribution, except

perhaps in the lightest elements.

3. Formalism

To make the consideration ofthe spin and polarization correlations in the nonrelativistic

limit complete we use as our starting point the fullyrelativistic expression for the photoeffect

matrix element :

M fi

= f × ( ) e i k × r i = d 3 x y

f

� × ( ) ò e i k × r y

i , (3.1)

where f i ( ) denotes the final(initial) state ofthe electron with the relativistic wave functions

y

f y

i

( ) , is the photon polarization vector and k its momentum, and are the Dirac matrices.

To obtain fromthis the nonrelativistic formofthe matrix element we use the relation between the

upper component ofthe Dirac wave function, j , and the lower component c , in the

nonrelativistic limit:

c = 1

2

× ( P ) j , (3.2)

where P is the momentumoperator, are the Pauli matrices, and we use the unitsm = c = h = 1 .

Substituting (3.2) into (3.1) we obtain the nonrelativistic expression for the matrix element

including the Pauli-Schrödinger term(Bethe, Salpeter 1957) describing interaction ofthe electron

spin with the magnetic part ofthe photon field:

M fi

= f × P ( ) e i k × r i - 1

2

´ k ( ) f e i k × r i , (3.3)

where f(i) denote now the final(initial) state ofthe nonrelativistic spinning electron.

The wave function ofthe elect ron in the initialstate has the form

y

i r ( ) = R nL r ( ) W

JLM

)

r ( ) , (3.4)

where R

nL r ( ) is the nonrelativistic radialfunction and W

JLM

)

r ( ) is the sphericalspinor describing

the angular dependence ofthe wave function. We find it convenient to labelthe sphericalspinors

ofthe bound states by J , L and M . As has been discussed in the previous section, the spin and

polarization correlation effects for an initialnon relativistic electron in the nL J subshellare due

mainlyto picking an initialstate with given totalangular momentum J , and not due to spin-orbit coupling, which can be neglected in this approximation. As a consequence we use the same radial

wave function R

nL r ( ) for J = L - 1 2 and J = L + 1 2 initialstates.

The partialwave expansion ofthe relativistic continuumwave function has the form(Pratt

et al . 1973)

Y

p r ( ) = 4 p W

k m

� �p ( ) c [ ] i l exp - i d k

( ) R k

W

k m

�r ( )

iS k

W

- k m

�r ( ) é

ë ê ù

û ú

k m å , (3.5)

where p is the asymptotic momentumofthe ejected electron, �p is the unit vector in its direction,

c is the Paulispinor describing the spin state ofthe photoelectron, d

k are the phase shifts and

R k , S k are the radialfunctions ofthe upper and lower components respectively. The quantum

number k combines totalangular momentumand parity:

k = m j + 1 2 ( ) [??] for j = l ± 1 2 . The

sphericalspinor can be labelled either by JLM , as in (3.4) and (3.7), or by k m , as in (3.5). In the

non relativistic limit with spin-orbit coupling neglected we have d

k

= d - k = d

l , R k

= R - k = R

l ;

using summation formulae for sphericalspinors (Bechler 1993) given in Appendix A we obtain a

partialwave series for the finalelectron wave function in the form

y

f r ( ) = i l 2 l + 1 ( ) e - i d l P l

)

p ×

)

r ( ) R l r ( ) c

l = 0

¥ å . (3.6)

The sphericalspinor s describing the angular momentumstate ofan electron are given by:

W

jlm

)

r ( ) = j + m

2 j æ

è ç ö

ø

1 2

Y

l , m - 1 2

)

r ( )

j - m

2 j æ

è ç ö

ø

1 2

Y

l , m + 1 2

)

r ( ) é

ë ê

ê

ê ù

û ú

ú

ú

(3.7)

for j = l + 1 2 k = - j - 1 2 ( ) , and

W

jlm

)

r ( ) =

- j - m + 1

2 j + 2 æ

è ç ö

ø

1 2

Y l , m - 1 2

)

r ( )

j + m + 1

2 j + 2 æ

è ç ö

ø

1 2

Y l , m + 1 2

)

r ( ) é

ë ê

ê

ê ù

û ú

ú

ú

(3.8)

for j = l - 1 2 k = j + 1 2 ( ) .

To extract fromthe m atrix element (3.3) the nonrelativistic dipole approximation plus the

first retardation correction, we expand the photon plane wave in powers of k and keep in (3.3)

the expansion through terms linear in k . This gives

M fi

= f × P ( ) 1 + i k × r ( ) i - i

2

´ k ( ) f i . (3.9)

Including terms μ k × r results in a retardation correction proportionalto Z a (Bechler and Pratt

1989). On the other hand, the relativistic correction to the matrix element is μ Z a

( ) 2 , which for

lighter elements and low energies ofthe finalelectron is smallcompared to the first retardation

correction.

It is convenient to write the first termin (3.9) in the length form:

f × P ( ) 1 + i k × r ( ) i = i w f × r ( ) i - 1

2 w k f

)

k × r

( ) × r ( ) i - i

2

´ k ( ) f L i , (3.10)

where L is the orbitalangular momentumoperator. Substituting (3.10) into (3.9) and

introducing the spin operator, s = 1 2 , we get

M

fi

= i w f × r ( ) i -

1

2 w k f

)

k × r

( ) × r ( ) i - i

2

´ k ( ) × f L + 2 s i . (3.11)

The first term in (3.11) gives the non relativistic dipole approximation to the matrix element, i.e.

the long wavelength limit ofthe dipole contribution with retardation. The second termgives the

long wavelength limit ofthe electric quadrupole term, and the last termgives the contribution

fromthe magnetic dipole term in the same limit. In independent particle approximation the

magnetic dipole contribution in (3.11) vanishes, due to the orthogonalityofbound and continuum

radialfunctions with the same value oforbitalangular momentum.

To calculate the dipole and quadrupole matrix elements froman initial p -state [first and

second termin (3.11), respectively], we use (3.6) and explicit forms ofthe sphericalspinors, (3.7)

or (3.8) for l = 1 . The dipole selection rules pick up terms with l = 0 and l = 2 in y f , and the

quadrupole contribution is a sumof l = 1 and l = 3 terms. Using further the technique ofangular

integration described in the Appendix ofBechler and Pratt (1990), we obtain explicitly

f × r i =

4 p

3 e i d 0 D 0 c � W

J 1 M

( ) + e i d 2 D 2 c � W

J 1 M

( ) - 3 × �p ( ) W

J 1 M

� p ( ) [ ] { }

, (3.12a)

f k × r ( ) × r ( ) i = -

4 p

5 ie i d 1 Q

1 c � × �p ( ) W

J 1 M

� k

( )

+ � k × �p

( )

W

J 1 M

( )

[ ]

+

+ 4 p

5 ie i d 3 Q 3 c � - × �p ( ) W

J 1 M

� k

( ) - � k × �p

( ) W

J 1 M

( ) + 5 × �p ( ) � k × �p

( ) W

J 1 M

� p ( ) [ ]

, (3.12b)

where J , M are the totalangular momentumquantumnumbers ofthe initialelectron state, and

D 0

, D

2

, Q

1

, Q

3 are the dipole and quadrupole radial matrix elements for the dipole transitions to continuuml = 0 andl = 2 states, and quadrupole transitions to continuuml = 1 andl = 3

states:

D l

= dr

0

¥ ò r 2 R l r ( ) rR np r ( ) , Q l

= dr

0

¥ ò r 2 R l r ( ) r 2 R np r ( ) . (3.13)

The formulas (3.12) for the dipole and quadrupole matrix elements have so far been

written in a form independent ofa particular choice ofcoordinate system. In general, however, it

is convenient to make a definite choice ofcoordinate system. The specific formofthe correlation

coefficients depends on this choice, and it is therefore desirable to choose a coordinate system in

which their formis as simple as possible. Such a coordinate system is shown in Fig. 1a; the z-axis

is chosen in the direction ofthe photon momentumand the photoelectron momentum is in the xz-

plane. With this choice ofcoordinate system, the angular dependence ofthe correlation

coefficients enters onlythrough the angle between the electron and photon momenta.

Another convenient coordinate system, which has been used in the recent measurement of

the non-dipolar effects in the angular distributions ofphotoelectrons (Krässig et al. 1995, 1996,

Jung et al. 1996) is shown in Fig. 1b. The z-axis is chosen along the direction ofthe photon

polarization vector and the x-axis along the direction ofthe photon momentum. With passive

interpretation ofthe rotations (i.e. axes are rotated, not vectors), the matrix oftransformation

fromthe coordinate systemFig. 2b, to that ofFig. 2a is

� R =

0 sin f cos f

0 - cos f sin f

1 0 0 é

ë ê

ê ù

û ú

ú

. (3.14)

The polarization ofthe incident photon maybe characterized byStokes parameters, which

in the coordinate systemFig. 2a are expressed in terms ofthe components ofthe photon

polarization vector as

x 1

= e

x

2 - e

y

2 , x 2

= e

x e

y

* + e

x

* e

y , x 3

= i e

x e

y

* - e

x

* e

y

( ) , (3.15)

and in the other coordinate systemFig. 2b (primes refer to the vector components in this

coordinate system)

¢ x

1

= ¢ e

y

2 - ¢ e

z

2 , ¢ x

2

= ¢ e

z

¢ e

y

* + ¢ e

z

* ¢ e

y

, ¢ x

3

= i ¢ e

y

¢ e

z

* - ¢ e

y

* ¢ e

z

( ) . (3.16)

Expressing the components ofthe polarization vector in both coordinate frames with the use of

(3.14), we can find the relation between the two sets ofStokes parameters as

x

1

= - ¢ x

1 cos 2 f + ¢x

2 sin 2 f ,

x

2

= - ¢ x

1 sin 2 f - ¢x

2 cos 2 f , (3.17) x

3

= ¢ x

3

.

We give also relations between the two sets ofangles, q , f and ¢q , ¢f , shown in Fig. 2a and 2b:

cos q = cos ¢ f sin ¢ q ,

cos ¢ q = cos f sin q .

(3.18)

The spin measurement direction for the ejected electron in its rest frame is specified bythe

unit vector , with (Pratt et. al. 1973)

= c � c , (3.18)

where c is the two-component Paulispinor describing the spin degrees of freedomofthe ejected

electron, and × c = c . In the electron rest frame, with the z-axis along the direction ofthe

electron momentum, we have

z

1

=

�y ´ �p ( ) ×

�y ´ �p

,

z

2

= �y × , (3.19)

z

3

= �p × ,

with �y = � k ´ � p

( ) � k ´ � p . Relations between the correlation coefficients C ij and ¢ C ij in the

coordinate frames, Fig. 2a and 2b respectively, are given in the next section.

4. Spin and polarization correlations

In this section we obtain explicit formulas for the p state correlation coefficients and

dynamical parameters. We explicitly write out the expressions for the p 1 2 initial state. To obtain

the corresponding quantities for the p 3 2 state one should use formulas (4.6), (4.30) and (4.31).

Keeping in mind that the magnetic dipole term in the large wave length limit gives no

contribution to the matrix element within the independent particle approximation, we get from

(3.11)

M

fi

= i w f × r i - 1

2 w k f � k × � r

( ) × r ( ) i . (4.1)

The modulus squared of this matrix element, up to terms linear in k, is

M

fi

2 = w 2 f × r i 2 + k Im f × r i f � k × � r

( ) × r ( ) i *

[ ] { }

. (4.2)

Assuming that the spin of the initial electron is not taken into account, we have to

average over the magnetic quantum number M of the initial state. As can be seen from (3.12)

the expression (4.2) is bilinear both in the spherical spinors W JLM and the Pauli spinors c

characterizing the spin state of the ejected electron. The summation over M can be performed

with the use of summation formulas for spherical spinors (Bechler 1993), which we summarize

in Appendix A. Substituting (3.12) into (4.2), performing the summation over magnetic

substates, and using (3.16) together with the auxiliary formulas given in Appendix A, we obtain

an expression bilinear in the Stokes parameters of the photon and the spin parameters of the

ejected photoelectron. The spin and polarization dependent differential cross section is of the

form [c.f. also (1.1)]:

d s

d W

, ( ) = d s

d W æ

è ö

ø

unpol

1

2

C ij x

i z

j

i , j = 0

3 å , (4.3)

where C 00

= 1 , and we give the C

ij below.

For the p 1 2 state we use (A.2 ) with J = 1 2 , L = 1 :

W

1 2 , 1 , M

( � a ) W 1 2 ,1 , M

� ( � b ) =

1

4 p

� a × � b + i

4 p

� a ´ � b

( ) ×

M å . (4.4)

The first term here gives contributions of the type C 00 and C 10 x

1 , containing no spin variables,

while the second term contributes to the part of the cross-section describing correlations between

photon and electron polarizations, C ij x

i z

j with j ¹ 0 . For the p 3 2 state we use (A.1) with

J = 3 2 , L = 1 :

W 3 2 , 1 , M

( �a ) W

3 2 ,1 , M

� ( � b ) = 1

2 p

�a × � b - i

4 p

�a ´ � b

( ) ×

M å . (4.5)

Comparing (4.4) and (4.5) we see that after averaging over initial magnetic states

C

i 0 p 3 2

( ) = C i 0 p 1 2

( ) , C

ij p 3 2

( ) = - 1

2

C ij p 1 2

( ) , j ¹ 0 . (4.6)

Formulas (4.6) are only valid under the assumption that we neglect the spin-orbit interaction,

since only then are the p 1 2 and p 3 2 states described non-relativistically by the same radial

functions. With spin-orbit coupling included the radial matrix elements for p 1 2 and p 3 2 initial

states are different and equations (4.6) are not valid (Cherepkov 1979).

The unpolarized differential cross section is given by (Kim et al 1980)

d s

d W æ

è ö

ø

unpol

= s

4 p g q ( ) , (4.7) where s is the total cross section, and

g q ( ) = 1 - 1

2 b d ( ) P 2 cos q ( ) + B 1 r( ) P 1 cos q ( ) + B 3 r( ) P 3 cos q ( ) . (4.8)

The first two terms in this expression give the dipole approximation to the unpolarized

differential cross section, with the asymmetry parameter b for the p subshell

b d ( ) = 2 D

2

2 - 2 D 0

D

2 cos D 20

D

0

2 + 2 D

2

2 , (4.9)

where D 0

, D 2 are the dipole radial matrix elements [c.f. (3.13)], and D 20 is the phase shift

difference, defined in general as

D

ll ’ º d l

- d l ’ . (4.10)

The first retardation correction to the unpolarized differential cross section is given by the last

two terms in (4.8), with the coefficients B 1 and B 3 (Bechler and Pratt 1990)

B 1 r( ) = 3

10 k

10 5 F 23

- 2

5 F 21

+ 2 F 01

D 0

2 + 2 D 2

2 , (4.11a)

B 3 r( ) = 3

10 k

2 F 03

- 8 5 F 23

+ 12 5 F 01

D 0

2 + 2 D 2

2 , (4.11b)

where the F ll ’ are defined as in Bechler and Pratt (1990):

F l ¢l º D l Q ¢ l cos D l ¢l

, (4.12)

with the quadrupole radial matrix element Q l given by (3.13).

The normalized correlation coefficients C ij in (4.3) can be written in the form

C

ij q ( ) = c

ij q ( )

g q ( ) , (4.13)

where c 00 q ( ) º g q ( ) so that C 00

= 1 , and dipole contributions to c ij for the p 1 2 initial state are

given by [details of the calculations leading to (4.14) and (4.15) below are given in Appendix C]

[??}:

c

10

( d ) = 3

2

D

2

2 - 2 D

0

D

2 cos D

20

( ) sin 2 q

D

0

2 + 2 D

2

2 , (4.14a) c 31

( d ) = -

D 0

2 - 2 D 2

2 - 2 D 0 D 2 cos D 20

( ) sin q

D 0

2 + 2 D 2

2 , (4.14b)

c 33

( d ) =

D 0

2 + D 2

2 + 2 D 0 D 2 cos D 20

( ) cos q

D 0

2 + 2 D 2

2 , (4.14c)

c 21

( d ) = - 3 D 0 D 2 sin D 20 sin q

D 0

2 + 2 D 2

2 , (4.14d)

c 23

( d ) = 0 , (4.14e)

c 02

( d ) = c 12

( d ) = 3 D 0 D 2 sin D 20 sin q cos q

D 0

2 + 2 D 2

2 . (4.14f)

For the first retardation correction to c ij in the case of the p 1 2 subshell we have

c 10

( r ) = - 5

2

B

3 sin 2 q cos q , (4.15a)

c 31

( r ) = k

- 9 10 F 01

+ 3 2 F 23

+ 3 5 F 03

D 0

2 + 2 D 2

2 sin q cos q , (4.15b)

c 33

( r ) = 3

5 kP 2 cos q ( ) F 01

+ F 03

+ F 21

+ F 23

D 0

2 + 2 D 2

2 , (4.15c)

c 21

( r ) = 3

10 k

G

01

- 4 G 03

- 4 G 21

- G 23 D

0

2 + 2 D 2

2 sin q cos q , (4.15d)

c 23

( r ) = 3

10 k

G 01

+ G 03

- G 21

+ G 23

D 0

2 + 2 D 2

2 sin 2 q , (4.15e)

c 02

( r ) = c 12

( r ) = k

- 3

10 G 01

- 3

10 G 03

- 3

5 G 21

+ 3

5 G 23

D 0

2 + 2 D 2

2 sin q +

+ k 3 2 G 03

+ 9

5 G 21

- 3

10 G 23

D 0

2 + 2 D 2

2 sin q cos 2 q ,

(4.15f)

where

G l ¢l º D l Q ¢ l sin D l > l <

, (4.16)

with l > l < ( ) denoting the larger (smaller) of l and ¢l . There are seven non-vanishing

correlation coefficients C ij (six in dipole approximation, since then C 23

= 0 ). This number of non-trivial spin and polarization correlations is not particular to our approximation but is a

general feature of the photoeffect, following from time reversal invariance (Pratt et. al. 1973).

To obtain the differential cross-section for an electron in the p-subshell , (i.e.

characterized by the orbital angular momentum, not by total angular momentum) we have to

sum the probabilities for p 1 2 and p 3 2 initial states multiplied by corresponding statistical

weights and then divide by the total weight of the p-subshell.. All terms in the separate p J -cross

sections involving spin degrees of freedom cancel. There are no correlations between photon and

electron polarizations. To obtain nontrivial spin and polarization correlations for the complete p

- subshell one has to take into account the spin-orbit interaction (Cherepkov 1979).

The spin state of the photoelectron is described by a unit vector (3.18)-(3.19)

characterizing the direction along which the spin of the photoelectron is measured. The degree of

polarization of the photoelectron along the direction is given by (Kim, Goldberg and Pratt

1995)

P = d s

d W

, ( ) - d s

d W

, - ( )

d s

d W

, ( ) + d s

d W

, - ( )

. (4.17)

The denominator in this formula is the differential cross section for the ejection of an

unpolarized electron and can be obtained from (4.3) by performing a summation over :

d s

d W

, ( ) + d s

d W

, - ( ) = d s

d W æ

è ö

ø

unpol

1 + C 10 x

1

( ) . (4.18)

For the degree of polarization in the three directions �y ´ �p , �y , �p , with �y = � k ´ �p

( ) � k ´ �p , we

obtain (Kim, Goldberg and Pratt 1995)

P 1 q ( ) = x

2 C 21 q ( ) + x

3 C 31 q ( )

1 + x 1 C 10 q ( ) , (4.19a)

P 2 q ( ) = C 02 q ( ) + x 1 C 12 q ( )

1 + x 1 C 10 q ( ) , (4.19b)

P 3 q ( ) = x

2 C 23 q ( ) + x

3 C 33 q ( )

1 + x 1 C 10 q ( ) . (4.19c)

Expressions for P 1

, P 2 and P 3 can be also written in an alternative form (Huang 1982),

employing an expansion of the cross section in terms of the rotation group matrix elements

d mm ’ l q( ) . Following Huang (1982) we write

P

1 F q ( ) = x

3 x

3 l d 01 l + x

2 x

2 l d 21 l + h

2 l d 2 - 1 l ( )

l ³ 2 å

l ³ 1 å , (4.20a)

P

2

F q ( ) = h

0 l d

01 l - x

1 x

2 l d

21 l - h

2 l d

2 - 1 l ( )

l ³ 2 å

l ³ 1 å , (4.20b)

P 3

F q ( ) = x

3 z

3 l d

00 l + x

2 z

2 l d

20 l

l ³ 2 å

l ³ 0 å , (4.20c)

where

F q ( ) = 1 + b

0 l d 00 l - x

1 b

1 l d 20 l

l ³ 2 å

l ³ 1 å . (4.21)

Table 1 shows non vanishing dipole and first retardation contributions to the dynamical

parameters, x

3 l , x 2 l , h 2 l , h 0 l , z 3 l , z 2 l , b

0 l

, b

1 l . The relations between correlation

coefficients and dynamical parameters, and explicit expressions for the dynamical parameters

including dipole and first retardation contributions, are given in Appendix B.

We may give the relations between the correlation coeffi cients C

ij and ¢ C ij in the

coordinate frames Fig. 2a and 2b respectively. Writing the differential cross section (4.3) in the

coordinate frame Fig. 2b we have

d s

d W

¢ , ( ) = 1

2 d s

d W æ

è ö

ø

unpol

¢ C ij

¢ q , ¢ f ( ) ¢ x

i z

j

i , j å , (4.22)

where the angles ¢q and ¢f are shown in Fig. 2b. Substituting into (4.3) the Stokes parameters

x

i expressed by ¢x

i

[Eqs. (3.17)], we obtain

d s

d W

¢ , ( ) = 1

2 d s

d W æ

è ö

ø

unpol

C 0 j

+ C

3 j

¢ x

3

( ) z

j

j å + C

1 j

- ¢ x

1 cos 2 f + ¢x 2 sin 2 f ( ) z

j

j å é

ë ê +

+ C

2 j

- ¢ x

1 sin 2 f - ¢x 2 cos 2 f ( ) z

j

j å ù

û ú .

(4.23)

Comparing (4.23) with (4.22) we find

¢ C 0 j

¢ q , ¢ f ( ) = C

0 j q ( ) , ¢C 3 j

¢ q , ¢ f ( ) = C

3 j q ( ) ,

¢ C 1 j

¢ q , ¢ f ( ) = - C

1 j q ( ) cos 2 f - C 2 j q ( ) sin 2 f ,

¢ C 2 j

¢ q , ¢ f ( ) = C

1 j q ( ) sin 2 f - C 2 j

¢ q , ¢ f ( ) cos 2 f .

(4.24)

To express correlation coefficients in the coordinate frame Fig. 2b as functions of the angles ¢q

and ¢ f one has to use (3.18).

5. Results for the dynamical parameters

In this section we give results for the dynamical parameters x , h , z , paying particular

attention to the role of the retardation effects as compared to dipole contributions. As examples

we use the 2 p 3 2 subshell of Carbon (Z = 6), Neon (Z = 10), Argon (Z =18), Iron (Z = 26) and

Krypton (Z = 36). The parameters b

o l and b

1 l can be expressed in terms of the cross-section

coefficients B l discussed previously (Kim et al. 1980, Tseng et al. 1978, Bechler and Pratt

1990), and so we will not discuss them here in detail, but we plot them for the sake of

completeness.

According to Table 1 the only dynamical parameters for which the dipole contributions

do not vanish are x 31 , x 22 , h 22 , h 02 , z 31 , where in dipole approximation h 22

( d ) = x

22

( d ) . For these five

parameters the first retardation correction vanishes except in the case of x 22 and h 22

, for

which h 22 r( ) = - x

22 r( )

. The parameters for which the dipole contribution vanishes, and the first

retardation contribution does not, are x 32 , x 23 and h 23 (with h 23 r ( ) = x

23 r ( ) ), h 01 , h 03 , z 32 and z 22

.

In all there are seven independent nonvanishing first retardation terms in the dynamical

parameters.

In Fig. 2 we show the four independent parameters x 31

, x

22

, h 02

, z

31

, and also the

parameter b 02 d ( ) in the dipole approximation, for Z = 6, 10, 18, 26 and 36, and for photoelectron

energies from threshold to 20 keV. Note the similar shapes of x 22 and h 02 , in agreement with

formulas (B.7b) and (B.7c) in Appendix B. These are also the only dipole parameters having

zeros in this energy region, corresponding to zeros of the phase shift difference D 20 (c.f. also

Kim, Goldberg and Pratt 1995). For Z = 6 the parameters x 22 and h 02 change sign once, and for

the other atomic numbers they change sign twice. The parameters x 31 and z 31 are negative in the

energy range; all four dynamical parameters in dipole approximation show, in general, a

significant dependence on Z at given energy.

The seven independent retardation correc tions to the dynamical parameters x , h , z ,

together with the cross section parameters b 01 r ( ) , b 03 r ( ) , are shown in Fig. 3. At low energies they

are in general an order of magnitude smaller than the dipole contributions, but their values

increase with increasing energy. For energies exceeding 1 keV the retardation corrections are of

the order of 10 -1 . At threshold x 32 r( )

and x 22 r ( ) approach zero for all values of Z, while the

remaining corrections to the dynamical parameters, i.e. x 23 r( ) , h 01 r( ) , h 03 r( ) , z 32 r( )

and z 22 r ( ) , tend to zero

for low values of Z (6, 10, 18), but do not vanish at threshold for higher atomic numbers.

The dynamical parameters were calculated using values of dipole and quadrupole radial

matrix elements obtained from the numerical program PHOTO (Goldberg and Bergstrom,

1989). The same program calculates also, among other quantities, the dynamical parameters

x , h , z , including as many multipoles as necessary at given value of energy. This allows us both

to find the approximate (dipole + first retardation term) values of the dynamical parameters from

formulas (4.28) and (4.29), and to compare them with exact values calculated numerically.

Table 2 contains comparison of our present results for the dynamical parameter x 22 (the

only one that has both dipole and first retardation contributions) with the exact values obtained

numerically with the PHOTO-code. The comparison has been made for Z = 6 and Z = 36. The

agreement is very good for low energies and low Z (Z = 6 in Table 3), and we can see that

results which include both dipole and first retardation contributions compare much better with

exact numerical values than those just from the dipole term, even at low energies. The agreement

deteriorates with increasing energy, but the relative error does not exceed 10%. For higher

atomic numbers (Z = 36 in Table 3) agreement between present calculations and exact numerical

values is poorer than for Z = 6 in the whole energy rang. Including the first retardation

contribution does not improve the agreement, indicating the importance of higher retardation

corrections for higher atomic numbers.

6. Spin polarization of the photoelectron .

In this section we discuss consequences of the results of previou s section for the spin and

polarization correlations, using as examples transverse and longitudinal polarization of the

photoelectron ejected by a circularly polarized photon from the 2 p 3 2 subshell.

The t ransverse polarization in the production plane of a photoelectron ejected by a

circularly polarized photon (the Stokes parameters are x

3

= 1 , x

1

= x

2

= 0 ) is given by 2

P 1 q ( ) = x

3 l d 01 l q( )

l ³ 1 å

F q ( ) , (6.1)

(cf. 4.20a and 4.21). In the dipole approximation this gives

P

1 d ( ) q ( ) = 2 - 1 2 x

31 d ( ) sin q

1 + B

2

P

2 cos q ( ) , (6.2)

and with the first retardation correction included

P

1 d + r

( ) q( ) =

2 - 1 2 x

31 d ( ) sin q + 1

2

3 2 ( ) 1 2 x

32 r ( ) sin 2 q

1 - 1

2 b P

2 cos q

( ) + B

1

P

1 cos q

( ) + B

3

P

3 cos q ( )

»

» 2 - 1 2 x

31 d ( ) sin q

1 - 1

2 b P

2 cos q ( ) 1 - B

1

P

1 cos q ( ) + B

3

P

3 cos q ( )

1 - 1

2 b P

2 cos q ( ) é

ë ê ù

û ú + 1 2

3 2 ( ) 1 2 x

32 r ( ) sin 2 q

1 - 1

2 b P

2 cos q ( ) .

(6.3)

In Fig. 4a we show plots of transverse polarization as function of the angle q for Z = 26 and

energies 3, 5, 10 and 20 keV, for which we may expect significant contributions from

retardation. Deviations from the symmetric dipole angular dependence increase with increasing

2 The symbols of the type P i q ( ) , denoting the degree of polarisation, must not be confused with similarly

looking symbols of the Legendre polynamials, appearing later in this section.

energy, and, in general, including the first retardation contribution gives quite satisfactory

agreement with the results of exact numerical calculation (which include a sufficient number of

multipoles at a given energy for convergence). An exception is the angle q = p 2 , where the

first retardation correction, proportional to d 01

2 q( ) μ sin 2 q , vanishes, whereas the higher order

terms in the multipole expansion contain contributions which are non-vanishing . Including the

retardation correction removes the symmetry present in the P 1 q ( ) term around q = p 2 , with the

absolute values of polarizations increasing for forward, and decreasing for backward, angles.

Depending on energy, P

1 q ( ) has two minima and one maximum (at lower energies), or one

minimum and no maxima (at higher energies). This property can be qualitatively discussed in

dipole approximation, where the q -dependence of P 1 is given by a function of the type

P 1 d ( ) q ( ) = c sin q

a + b cos 2 q

. (6.4)

Its derivative is

dP 1 d ( ) q( )

d q

= c cos q a + b 2 - cos 2 q ( )

a + b cos 2 q ( ) 2 , (6.5)

so that there is always an extremum for q = p 2 . There will be two minima at q ¹ p 2 (in which

case the extremum at q = p 2 is a maximum), if the equation

cos 2 q = a + 2 b ( ) b (6.6)

can be satisfied for some value of the angle q . This depends on the values of the parameters x 31 d ( )

and B

2

, in terms of which a and b can be expressed.

The longitudinal polarization of the photoelectron ejected by a circularly polarized

photon is described by formula (4.21c). For right-handed photon polarisation ( x

3

= 1 ) we have

P 3 q ( ) = z

3 l d 00 l q( )

l ³ 0 å

1 + b 0 l d 00 l q ( )

l ³ 1 å . (6.7)

In the dipole approximation this gives

P 3 d ( ) q ( ) = z

31 d ( ) P 1 cos q ( )

1 - 1 2 b P

2 cos q ( ) , (6.8)

and with the first retardation correction included

P 3 d + r ( ) q ( ) = z

31 d ( ) P 1 cos q ( ) + z

32 r ( ) P 2 cos q ( )

1 - 1

2 b P 2 cos q ( ) + B 1 P 1 cos q ( ) + B 3 P 3 cos q ( ) »

» z

31 d ( ) P 1 cos q ( )

1 - 1

2 b P 2 cos q ( ) 1 - B 1 P 1 cos q ( ) + B 3 P 3 cos q ( )

1 - 1

2 b P 2 cos q ( ) æ

è ç ö

ø

÷ + z

32 r( ) P 2 cos q ( )

1 - 1

2 b P 2 cos q ( ) .

(6.9)

Plots of the longitudinal polarization for Z = 26 as a function of the angle q are shown in Fig.

4b. Again, deviations from the dipole approximation increase with increasing energy, and the

beyond dipole contributions lead to a forward-backward asymmetry. The present approximate

results (dipole and dipole with first retardation correction) satisfy, independent of energy, the

properties

P 3

0 ( ) = - 1

2 , P

3 p ( ) = 1

2 , (6.10)

which follow from [cf. (4.9), (B.7d), (4.11) and (B.8f)]

1 -

1

2 b = - 2 z

31 d ( ) , B

1

+ B

3

= - 2 z

32 r ( ) , (6.11)

and from P l

± 1 ( ) = ± 1

( ) l . It should be noted that (6.10) is not generally valid. The point is that

the summation in the numerator of (6.7) starts from a term withl = 0 , which is independent of

the angle, and it is only in the present approximation that z 30

= 0 . Exact numerical calculations,

including more multipoles and taking relativistic effects into account, show that z 30

¹ 0 and is of

order 10 - 4 for E = 3 keV , 10 - 2 for E = 20 keV , giving increasing contributions with increasing

energy. This is clearly visible at higher energies, where deviations of the exact numerical results

from (6.10) can be noted. In general, the agreement between present calculation and exact

numerical results is very good for lower energies, and at higher energies it is better for forward

than for backward angles, where the deviation of the exact result from (6.10) is larger.

7. Final remarks

We have investigated in this paper higher multipole and retardation corrections to the

spin and polarization correlations between incident photons and photoelectrons ejected from the

2p J subshell. We used the nonrelativistic Pauli - Schrödinger approach and included the first

term beyond nonrelativistic dipole approximation, describing the first retardation correction and

corresponding to the long - wavelength limit of the electric quadrupole contribution. The spin

correlations in the angular distributions of the photoelectrons, spin polarized in general, were

described in terms of the correlation coefficients C ij , depending on the momentum of the

outgoing electron. An alternative description is given by expansions of the C ij in a series of

rotation group matrix elements, with series expansion coefficients called dynamical parameters.

Relations between both types of description of the spin and polarization effects have been given.

In general, numerical values of the dynamical parameters obtained with the use of our

formulas compare well with exact numerical calculations for Z = 6 - 36 in the energy range from

close to threshold to a few keV. Including the retardation correction improves the agreement

considerably as compared to the pure dipole results, for lower energies and lower values of Z.

The agreement deteriorates in the vicinity of energies for which the dynamical parameters go

through zero and have very small values. Our formulas also lead to good agreement with exact

numerical results for angular distributions of polarized photoelectrons.

The calculations presented in this paper were performed in the independent particle

approximation, which is argued to give a useful first approximation except for energies close to

threshold. Further work is desirable to confirm accuracy of this approximation.

Acknowledgements

Part ofthe numericalcalculations, necessaryfor the comparison ofthe present approach with

exact results, were done byLarryLaJohn. Work ofthe first author (AB) was supported bythe

Polish Committee for Scientific Research (KBN) under the Grant No 2 1333 91 01. Work ofthe

second author (RHP) was supported byNationalScience Foundation under the Grant No PHY

9601752.

Appendix A

A1. Summation formulas for spherical spinors

The summation formulas for spherical spinors, analogous to the well known summation

formulas for spherical harmonics, have the general form (Bechler 1993)

W JLM �a W JLM

� � b

M

L

4

P L �a � b i

4

P L �a � b �a � b , (A.1)

for J = L - 1 2 , and

W

JLM

� a ( ) W

JLM

� � b

( )

M å = L + 1

4 p

P L

� a × � b

( ) - i

4 p

¢ P L

� a × � b

( ) � a ´ � b

( ) × , (A.2)

for J = L + 1 2 . � a and � b are unit vectors and the Pauli matrices. P

L denote the Legendre

polynomials and ¢P L the derivatives of the Legendre polynomials with respect to their

arguments. For p 1 2 and p 3 2 cases we obtain from (A.1) and (A.2) respectively

W

1

2 1 M

�a ( ) W

1

2 1 M

� � b ( )

M å = 1

4 p

�a × � b + i

4 p

�a ´ � b ( ) × , (A.3)

and

W

3

2 1 M

� a ( ) W

3

2 1 M

� � b

( )

M å = 1

2 p

� a × � b - i

4 p

� a ´ � b

( ) × . (A.4)

A2. Auxiliary formulas.

The transition pr obability M fi

2 has been calculated from (4.2) with the use of (3.12),

(4.4) . It has been written in the final form (4.3) with the spin and polarization correlation

coefficients given by (4.14) and (4.15). To express the transition probability in terms of the

Stokes parameters x

i

, photoelectron spin components z

i and the angle q (Fig. 1) it is necessary

to use the formulas relating invariants constructed from (the photon polarization vector),

(electron spin), � p (electron direction) and � k (photon direction) to Stokes parameters, and the

emission angle q . These are

× �p 2 = 1

2

1 + x

1

( ) sin 2 q (A.5)

× ´ * ( ) = i x

3 z

1 sin q - z

3 cos q ( ) (A.6)

* × � p ( ) × ´ �p ( ) [ ] = - 1

2

1 + x

1

( ) z

2 sin q cos q +

1

2 x

2

+ i x

3

( ) z

1 sin q (A.7)

* × �p ( ) ×´ � k

( ) [ ]

= - 1

2

1 + x

1

( ) z

2 sin q + 1

2 x

2

+ i x

3

( ) z

1 sin q cos q + 1

2 x

2

+ i x

3

( ) z

3 sin 2 q

(A.8)

× �p 2 × �p ´ � k

( ) [ ]

= - 1

2

1 + x 1

( ) z

2 sin 3 q (A.9)

A3. Derivation of the correlation coefficients.

To outline the derivation of (4.14) and ( 4.15) we note that (4.2) give, after summation

over initial magnetic substates (c.f. sections A1 and A2 of this Appendix);

M fi

2

M å μ D 0

2 + 2 D 2

2 ( ) c ij x

i z

j

i , j å , (A.10)

where the factor D 0

2 + 2 D 2

2 has been extracted for later convenience. The differential cross-

section for the emission of a polarized electron by a polarized photon has the form

d s

d W

, ( ) = A

2 J + 1

D

0

2 + 2 D

2

2 ( ) c

ij x

i z

j

ij å , (A.11)

where A is a kinematical factor. To obtain the unpolarized differential cross-section we average

over incident photon polarizations and sum over spin states of the final electron:

, d s

d W æ

è ö

ø

unpol

= 2 A

2 J + 1

D

0

2 + 2 D

2

2 ( ) c

00 . (A .12)

Explicit calculation, based on (A.10) and formulae of section A2, gives c 00 q ( ) = g q ( ) = 1 - 1

2 b P 2 cos q ( ) + B 1 P 1 cos q ( ) + B 3 P 3 cos q ( ) , (A.13)

in agreement with (4.8). The total cross-section can be now easily calculated as

s = d s

d W æ

è ö

ø

unpol d W ò = 8 p A

2 J + 1

D 0

2 + 2 D 2

2 ( ) , (A.14)

so that

d s

d W æ

è ö

ø

unpol

= s

4 p g q ( ) , (A.15)

and formula (A.11) can be written as

d s

d W

, ( ) = d s

d W æ

è ö

ø

unpol

1

2

C ij x

i z

j

i , j = 0

3 å , (A.16)

with C ij q ( ) = c ij q ( ) g q ( ) , C 00

= 1 and x

0

= z

0

= 1 , in agreement with (1.1) and (4.3).

To obtain formulae (4.14) and (4.15) for the dipole and dipole plus fir st retardation

approximations to the coefficients c ij q ( ) , one has to identify terms containing products of the

type x i z

j (including x

0

= 1 and z

0

= 1 ) in the first and second term of (4.2) respectively, using

formulas of A2.

A4. Rotation group matrix elements.

Expressions for the rotation group matrix elements were found with the use of general formulae

quoted in Huang (1980) (Eqs 4.24 and 4.25 in that paper):

d 20

2 q ( ) = 1

2

3

2 æ

è ö

ø

1 2

sin 2 q , d

20

3 q ( ) = 1

2

15

2 æ

è ö

ø

1 2

sin 2 q cos q , d

20

4 q ( ) = 1

8

5

2 æ

è ö

ø

1 2

7 cos 2 q + 5 ( ) sin 2 q ,

d 01

1 q ( ) = 1

2 æ

è ö

ø

1 2

sin q , d

01

2 q ( ) = 1

2

3

2 æ

è ö

ø

1 2

sin 2 q , d

01

3 q ( ) = 3 1 2

8

5 cos 2 q + 3 ( ) sin q ,

d 21

2 q ( ) = - 2 cos 3 q 2 ( ) sin q 2 ( ) , d 21

3 q( ) = - 1

2

5

2 æ

è ö

ø

1 2

cos 3 q 2 ( ) - 5 sin q 2 ( ) + 3 sin 3 q 2 ( ) [ ] ,

d

2 - 1

2 q ( ) = - 2 cos q 2 ( ) sin 3 q 2 ( ) , d 2 - 1

3 q( ) = - 1

2

5

2 æ

è ö

ø

1 2

sin 3 q 2 ( ) 5 cos q 2 ( ) + 3 cos 3 q 2 ( ) [ ] .

Appendix B

To find a relation between (4.20), (4.21) and (4.19), and explicit expressions for the dynamical

parameters, we use (4.7) and (4.13), from which it follows that

P 1 q ( ) g q ( ) + x

1 c 10 q ( ) [ ] = x

2 c 21 q ( ) + x

3 c 31 q ( ) , (B.1a)

P

2 q ( ) g q ( ) + x

1 c

10 q ( ) [ ] = c

02 q ( ) + x

1 c

12 q ( ) , (B.1b)

P 3 q ( ) g q ( ) + x

1 c 10 q ( ) [ ] = x

2 c 23 q ( ) + x

3 c 33 q ( ) , (B.1c)

so that

F q ( ) = g q ( ) + x

1 c 10 q ( ) , (B.2)

and

c 10

= - b

1 l d 20 l

l ³ 2 å , (B.3a)

c 21

= x

2 l d 21 l + h

2 l d 2 - 1 l ( )

l ³ 2 å , (B.3b)

c 31

= x

3 l d 01 l

l ³ 1 å , (B.3c)

c

02

= h

0 l d

01 l

l ³ 1 å , (B.3d )

c

12

= - x

2 l d

21 l - h

2 l d

2 - 1 l ( )

l ³ 2 å , (B.3e)

c 23

= z

2 l d 20 l

l ³ 2 å , (B.3f)

c 33

= z

3 l d 00 l

l ³ 0 å . (B.3g)

The function

g q ( ) = 1 + b

0 l d 00 l

l ³ 1 å , (B.4)

so that, according to (4.8)

b

02 d ( ) = - 1 2 ( ) b , b

01 d ( ) = B 1

, b

03 d ( ) = B 3

. (B.5)

Comparing (B.3a) with (4.14a) and (4.15a), and using the explicit expressions for the rotation

group matrix elements d 20 l , given in Appendix A, we obtain

b

12 d ( ) = 6 1 2 B 2

, b 13 d ( ) = 10 3 ( ) 1 2 B

3

. (B.6)

Formulas (B.5) and (B.6) give the only cross section coefficients b

0 l and b 1 l that do not vanish

in the present approximation.

Expressing (4.14 b-f) and (4.15 b-f) in terms of the rotation group matrix elements, and

comparing with (B.3 b-g), we can obtain explicit expressions for the dynamical parameters

x

3 l

, x 2 l

, h 2 l

, h 0 l

, z 3 l

, z 2 l

. Table 1 shows non-vanishing dipole and first retardation

contributions to the dynamical parameters. The dipole contributions to the dynamical parameters

for the p 1 2 initial subshell are

x 31

( d ) = - 2 1 2 D

0

2 - 2 D 2

2 - D 0

D

2 cos D 20 D

0

2 + 2 D 2

2 , (B.7a)

x 22

( d ) = h 22

( d ) = 3 D

0

D

2 sin D 20 D

0

2 + 2 D 2

2 , (B.7b)

h 02

( d ) = 6 1 2 D 0 D 2 sin D 20

D 0

2 + 2 D 2

2 , (B.7c)

z 31

( d ) = D 0

2 + D 2

2 + 2 D 0 D 2 cos D 20

D 0

2 + 2 D 2

2 .

(B.7d)

First retardation corrections to the dynamical parameters are given by

x 32

( r ) = 6 1 2 k

- 3 10 F 01

+ 1 2 F 23

+ 1 5 F 03

D 0

2 + 2 D 2

2 , (B.8a)

x 22

( r ) = - h 22

( r ) = 3 k

- 1

10 G 01

+ 1

15 G 03

+ 1

6 G 23

D 0

2 + 2 D 2

2 , (B.8b)

x 23

( r ) = h 23

( r ) = 3

2

5 æ

è ö

ø

1 2

k

1 3 G 03

+ 2 5 G 21

- 1 15 G 23

D 0

2 + 2 D 2

2 , (B.8c)

h 01

( r ) = 3 × 2 1 2 k

- 1 10

G

01

- 2 25

G

21

- 9 50

G

23 D

0

2 + 2 D 2

2 , (B.8d) h 03

( r ) =

4 × 3 1 2

5 k 1 2

G

03

- 3 5

G

21

- 1 10

G

23 D

0

2 + 2 D 2

2 , (B.8e)

z 32

( r ) = 3

5 k

F

01

+ F 03

+ F 21

+ F 23 D

0

2 + 2 D 2

2 , (B.8f)

z 22

( r ) = 3 ×

6 1 2

5 k

G 01

+ G 03

- G 21

+ G 23

D 0

2 + 2 D 2

2 , (B.8g)

where F ll ’ are defined by (4.12) and G ll ’ by (4.16). It follows from (4.6) and (B.3a) and (B.4)

that for the p 3 2 subshell

b 0 l p 3 2

( ) = b 0 l p 1 2

( ) , b 1 l p 3 2

( ) = b 1 l p 1 2

( ) , (B.9)

while from (4.6) and (B.3 b - g) we have

Z p 3 2

( ) = - 1

2

Z p 1 2

( ) , (B.10)

where Z denotes any of the coefficients x , h , z .

References

Amusia M Ya et al . 1975 Journ. Exp. Theor. Phys. (Sov. Phys. JETP) 68 28

Amusia M Ya, Cherepkov N A 1975 Case Studies In Atomic Physics (North Holland,

Amsterdam) vol. 5 p 154

Auger P and Perrin F 1927 Journal de Physique 6 93

Bechler A, Pratt R H 1989 Phys. Rev. A39 1774

Bechler A, Pratt R H 1990 Phys. Rev. A42 6400

Bechler A 1993 J. Phys. A: Math. Gen. Phys. 26 6039

Bethe H A, Salpeter E E 1957 Quantum Mechanics of One and Two Electron Atoms (Springer

Verlag, Berlin) p 269

Bothe W 1924 Z. Phys 26 59

Cherepkov N A 1979 J. Phys. B: At. Mol. Phys. 12 1279

Cherepkov N A 1983 Advances Atom. Molec. Phys. vol. 19, p. 395

Cooper J W 1990 Phys. Rev. A42 6942

Cooper J W 1993 Phys. Rev. A47 1841

Dias E W B et al. 1997 Phys. Rev. Letters 78 4553

Fano U 1969 Phys. Rev. 178 131

Fano U 1969a Phys. Rev. 184 250

Fischer J 1931 Ann Phys (Leipzig) 8 821

Goldberg I B 1995 private communication

Goldberg I B, Bergstrom P M 1989 Program PHOTO University of Pittsburgh, internal report

(unpublished)

Huang K N 1980 Phys. Rev. A22 223,

______ 1982 Phys. Rev. A26 3676

Jung M, Krässig B, Gemmel D S, Kanter E P, Le Brun T, Southworth S and Young L 1996 Phys

Rev A54 2127

Kessler J 1985, in Polarized Electrons, 2nd. ed., edited by G Ecker, P. Lambropoulos and H.

Walther, Springer Series on Atoms and Plasmas, Vol. 1 (Springer, Berlin), and

references therein

Kim Y S, Pratt R H, Ron A, Tseng H K 1980 Phys. Rev. A22 567

Kim Y S, Goldberg I B, Pratt R H 1992 Phys. Rev. A45 4542

Kim Y S, Goldberg I B, Pratt R H 1995 Phys .Rev. A51 424

Krause M O 1969 Phys Rev 177 151

Krässig B, Jung M, Gemmel D S, Kanter E P, Le Brun T, Southworth S and Young L 1995 Phys

Rev Letters 75 4736

______ 1996 Proceedings of the 17th International Conference on X - Ray and Inner Shell

Processes, Hamburg (R L Johnson, H Schmidt - Böcking and B F Sonntag Eds), AIP

Confernce Proceedings 389 , p. 659.

LaJohn L A and Pratt R H 1998 J Rad Phys Chem 51 355

__________ 1998a Phys Rev A58, No6 (Dec 1998) - to appear

Lee C M 1974 Phys. Rev. A10 1598

Pratt R H, Levee R D, Pexton R L, Aron W 1964 Phys. Rev. 134 A916

Pratt R H, Ron A, Tseng H K 1973 Rev. Mod. Phys. 45 273

Pratt R H, Kim Y S 1993 Rom J Phys 38 353

Pratt R H, LaJohn L 1995 Nucl Instr Meth B99 136

Ron A, Goldberg B I, Stein J, Manson S T, Pratt R H and Yin R Y 1994 Phys Rev A50 1312

Scofield J H 1989 Phys. Rev. A40 3054

Tseng H K, Pratt R H, Yu S, Ron A 1978 Phys. Rev. A17 1061

Wang M S, Kim Y S, Pratt R H and Ron A 1982 Phys Rev A25 857

Wuilleumier F and Krause M O 1974 Phys Rev A10 242

.

Table 1

Non vanishing dipole and first retardation contributions to the dynamical parameters

b

0 l b

1 l x

3 l x

2 l h

2 l h

0 l z

3 l z

2 l l

(dipole) 2 2 1 2 2 2 1 -

l

(retardation) 1, 3 3 2 2, 3 2, 3 1, 3 2 2

Table 2

Comparison of the dipole, dipole with retardation and exact results for x

22 Z = 6

Energy

(keV) dipole

(present

calculation) retardation

correction

(present

calculation) dipole plus

retardation exact Relative

error %

Relative

error for

dipole (%)

a b c I b-c I / I c I I a-c I / I c I

1.0 10 -4 -9.861 10 -2 9.647 10 -4 -9.764 10 -2 -9.757 10 -2 7.3 10 -2 1.1 10 0

1.0 10 -3 -2.072 10 -1 9.179 10 -4 -2.063 10 -1 -2.063 10 -1 1.1 10 -2 4.6 10 -1

5.0 10 -3 -2.258 10 -1 8.073 10 -4 -2.250 10 -1 -2.250 10 -1 2.1 10 -2 3.4 10 -1

1.0 10 -2 -1.764 10 -1 9.007 10 -4 -1.755 10 -1 -1.755 10 -1 1.7 10 -2 5.3 10 -1

5.0 10 -2 7.179 10 -2 3.273 10 -3 7.506 10 -2 7.493 10 -2 1.7 10 -1 4.2 10 0

1.0 10 -1 1.954 10 -1 3.273 10 -3 1.987 10 -1 2.007 10 -1 1.0 10 0 2.6 10 0

2.0 10 -1 2.808 10 -1 7.995 10 -3 2.888 10 -1 2.889 10 -1 2.6 10 -2 2.8 10 0

5.0 10 -1 2.961 10 -1 1.220 10 -2 3.083 10 -1 3.079 10 -1 1.2 10 -1 3.8 10 0

1.0 10 0 2.544 10 -1 1.552 10 -2 2.699 10 -1 2.687 10 -1 4.4 10 -1 5.3 10 0

2.0 10 0 2.155 10 -1 1.922 10 -2 2.347 10 -1 2.324 10 -1 9.9 10 -1 7.3 10 0

3.0 10 0 1.890 10 -1 1.943 10 -2 2.084 10 -1 2.057 10 -1 1.3 10 0 8.1 10 0

5.0 10 0 1.501 10 -1 2.047 10 -2 1.706 10 -1 1.657 10 -1 2.9 10 0 9.4 10 0

1.0 10 +1 1.182 10 -1 2.097 10 -2 1.392 10 -1 1.290 10 -1 7.9 10 0 8.4 10 0

2.0 10 +1 8.232 10 -2 2.268 10 -2 1.050 10 -1 9.894 10 -2 6.1 10 0 1.7 10 +1

Z = 36

1.0 10 -4 1.164 10 -1 3.308 10 -4 1.167 10 -1 1.142 10 -1 2.2 10 0 1.9 10 0

1.0 10 -3 1.820 10 -1 4.334 10 -4 1.824 10 -1 1.801 10 -1 1.3 10 0 1.0 10 0

5.0 10 -3 1.101 10 -1 2.435 10 -4 1.104 10 -1 1.067 10 -1 3.4 10 0 3.2 10 0

1.0 10 -2 1.925 10 -2 6.997 10-05 1.932 10 -2 1.565 10 -2 2.3 10 +1 2.3 10 +1

5.0 10 -2 -1.469 10 -1 3.048 10-05 -1.468 10 -1 -1.515 10 -1 3.1 10 0 3.1 10 0

1.0 10 -1 -1.673 10 -1 4.056 10 -3 -1.633 10 -1 -1.690 10 -1 3.4 10 0 9.9 10 -1

2.0 10 -1 -1.528 10 -1 1.154 10 -2 -1.413 10 -1 -1.481 10 -1 4.6 10 0 3.2 10 0

5.0 10 -1 -8.875 10 -2 2.251 10 -2 -6.624 10 -2 -7.187 10 -2 7.8 10 0 2.3 10 +1

1.0 10 0 -6.789 10 -3 3.064 10 -2 2.385 10 -2 1.519 10 -1 8.4 10 +1 1.0 10 +2

2.0 10 0 8.740 10 -2 4.001 10 -2 1.274 10 -1 1.175 10 -1 8.4 10 0 2.6 10 +1

3.0 10 0 1.416 10 -1 4.616 10 -2 1.877 10 -1 1.796 10 -1 4.5 10 0 2.1 10 +1

5.0 10 0 2.087 10 -1 5.640 10 -2 2.651 10 -1 2.539 10 -1 4.4 10 0 1.8 10 +1

1.0 10 +1 2.793 10 -1 7.402 10 -2 3.533 10 -1 3.326 10 -1 6.2 10 0 1.6 10 +1

2.0 10 +1 3.140 10 -1 9.492 10 -2 4.089 10 -1 3.676 10 -1 1.1 10 +1 1.5 10 0

Figure captions

Fig. 1 Coordin ate systems used for the description of spin and polarization correlations.

Fig. 2 Plots of four independent, non-vanishing dynamical parameters, and the cross

section parameter b

02 d ( ) , in the dipole approximation versus photoelectron energy for

Z = 6

__________ , Z = 10 ---------------- , Z = 18

_ _ _ _ _ _ _ , Z = 26 __ - __ -

__ - __ , and Z = 36 __ - - __ - - __ - -

Fig. 3 First retardation contributions to the dynamical parameters, and the cro ss section

parameters b

01 r ( ) , b

03 r ( ) versus photoelectron energy for the same values of Z as in Fig.

3.

Fig. 4 Transverse (a) and longitudinal (b) polarizations of the 2 p 3 2 photoelectron ejected

by circularly polarized photon from Iron (Z = 26), as functions of the angle between

electron and photon momenta.

1a

1b

2a

2b

2c

2d

2e

3a

3b

3c

3d

3e

3f

3g

3h

3i

4a

4b