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Abstract. A studyof theorigin of structuresin theenergy dependenceof electronbremsstrahlungis presented.There
is asimilarity betweenclassicalandquantumresults.In thequantumcaseaconnectionbetweenzeroesof dipolematrix
elementsandstructuresin thebremsstrahlungcrosssectionandasymmetryparameteris established.In theclassicalcase
it is foundthatclassicaltrapping,which resultsin a singularbehavior of thescatteringanglewith impactparameter, is
notdirectly responsiblefor theobservedstructures.

INTRODUCTION

We presenthere a study of the origin of structures
in theenergy dependenceof theelectronbremsstrahlung
crosssectionkdσ

dk andthe asymmetryparametera2 for a
givenratio of photonenergy k andprojectileelectronen-
ergy T. Theasymmetryparametercharacterizesthe an-
gulardistributionof radiation:

kd2σ
dkdΩk � 1

4π
kdσ
dk

	
1 
 a2

2
P2 � cosθk ��
�� (1)

whereΩk is thephotonemissionangleandP2 is theLeg-
endrepolinomial.

We illustratethestructuresfor thecaseof anAl atom
in Fig. 1 (for calculationsperformedin a quantumap-
proach)andin Fig.2 (for aclassicalapproach).Thestruc-
tureswerefirst seenin numericalcalculationsof angu-
lar distributionsof electronbremsstrahlungin a screened
atomicpotentialfor Al within theframework of classical
electrodynamics(1). Similar featureswerelaterobserved
in the correspondingquantumcasefor Eu (2). Herewe
show our quantumresultsfor Al, which arequalitatively
similarto theclassicalresults.Wehavesubsequentlyalso
seensimilar structuresin the energy dependenceof the
classicalcrosssection(3), seeFigs.1 and2. Thecorre-
spondencebetweenclassicalandquantumstructuresen-
couragesthebeliefthatthey arerealphysicalphenomena.
(However modificationsdueto classical(4) or quantum
(5) polarizationalbremstrahlungfrom the atomicstruc-
turehavenotyet beenexamined.)

It had initially beennoted (1) that in the classical
casethesestructuresweredevelopingastheelectronen-
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FIGURE 1. Quantumcase:energy dependenceof (a)theasym-
metryparametera2 and(b) thecrosssection,for Al for different
ratiosof photonenergy k andprojectileelectronenergy T: solid
line k� T � 0 � 01,dashedline k � T � 0 � 2, dottedline k� T � 0 � 6.
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FIGURE 2. Classicalcase:energy dependenceof (a) theasym-
metryparametera2 and(b) thecrosssection,for Al for different
ratiosof photonenergy k andprojectileelectronenergy T: solid
line k� T � 0, dashedline k� T � 0 � 2, dottedline k � T � 0 � 4.

ergy approachedthe maximumenergy of classicaltrap-
ping from above. Classicaltrappingoccursin a screened
Coulombpotentialwhentheprojectileelectronenergy(at
givenangularmomentumL) is equalto theheightof the
barrierin theeffectivepotential

Veff � L � r � � V � r � 
 Λ � � 2mr2 ��� (2)

whereV � r � is the atomic potential,m is the projectile
mass,Λ � L � L 
 1� in the quantumcaseandΛ � L2 in
theclassicalcase.(Effectivepotentialsfor variousvalues
of Λ areplottedin Fig. 3.) For suchatrajectorytheradial
componentof accelerationvanishesat the turning point
of radial motion, and the incoming electronis trapped
by the target. (The correspondingquantumphenomena
is the presenceof shaperesonancesin scattering.) For
nearbyenergiesand nearbyangularmomentathe elec-
tron will make many revolutionsaboutthe targetbefore
escaping.Thus,in ascreenedpotential,thescatteringan-
gle φ � T � L � , consideredasa function of electronenergy
T andmomentumL, hasa singularity, changingfastfor
nearbyenergiesandmomenta,asshown in Fig. 4. At a
certainvalueΛ � ΛM the effective potentialhasan in-
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FIGURE 3. Effective potentialsVeff in Al for differentvalues
of Λ (seeEq.2). Theeffective potentialhasaninflectionpoint
at Λ � ΛM � 5 � 66 with a correspondingenergy TM � 0 � 64 eV.
Notedifferentscalesfor negative andpositive valuesof theef-
fectivepotential.
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FIGURE 4. Scatteringangleφ � T � L � asa functionof L for sev-
eral valuesof energy T (solid lines). Dashedline corresponds
to Eq.5, dottedline correspondsto theCoulombpointfield.

flectionpoint (with a correspondingenergy T � TM) and
thentheouterbarriercoalesceswith thecentrifugalbar-
rier. For Al ΛM � 5 � 66 andTM � 0 � 64 eV. Trappingis
notpossibleatenergieshigherthanTM . Sincethereis no
outerbarrier in the point Coulombpotentialthereis no
trappingin theCoulombcase,andthescatteringangleis
a smoothfunctionof L andT.

It hadbeensupposed(1) that the classicalstructures
were connectedto the onsetof trapping. Our present
studiesshow that,to thecontrary, theobservedstructures
arenot directly associatedwith the trappingor the reso-
nances:The near-singularregion of classicalscattering
doesnot contribute to the crosssections. Shapereso-
nancesdo not affect the quantumasymmetryparameter
(in factresonancesarenot presentat theseenergies),but
the structuresareratherassociatedwith the presenceof
zeroesin dominantmatrixelements.(Of coursethereare
connectionsamongthesephenomena,justasthenumber



of zeroesin a matrix elementis connectedwith thenum-
berof boundstatesin apotential(6).)

In thenext two sectionswe will describetheclassical
andthenthe quantumapproaches,particularly focusing
on thesoftphotonlimit situation,simplerto describeand
alreadyillustratingthestructurefeatures.

CLASSICAL DESCRIPTION

A classicalapproachmay be usedfor the descrip-
tion of bremsstrahlungprocessesat low projectile en-
ergies, both in the point Coulombpotential (7) and in
screenedatomic potentials(1, 3, 8). The motion of a
beamof projectilesin the scatteringpotential is calcu-
lated in the frameof classicalmechanics,and classical
electrodynamicsis usedto obtainthe radiationon elec-
tronorbitsandtheresultingradiationspectrum.Analytic
resultsareavailablein thepoint Coulombfield case,for
both the spectrum(9) andfor the asymmetryparameter
(7); both have beentabulated(7). Numericalresults,as
illustratedin Fig. 2, have beenobtainedfor screenedpo-
tentials(1, 3), obtainingstructures(oscillations)which
arenot presentin the Coulombcase. (In (1) the struc-
turesin thespectrumhadnot beenobservedbecause,as
discussedin (3), the spectrawereplottedwith a scaling
factorT � Z2 whichmaskedthebehavior.)

We seefrom Fig. 2 thatthemainfeaturesof thestruc-
turesarealreadypresentin thesoft photonlimit case,for
which the descriptionandprocedureof calculationmay
be simplified. In this casethe expressionsfor the spec-
trum and asymmetryparametermay be written as (we
usetheatomicsysteme � h̄ � m � 1)

kdσ
dk � 8

3c3 � ∞

0
LdL � 1 � cosφ � T � L ����� (3)

a2 ��� ∞
0 LdL � 1 � cosφ � T � L ��� � 3cosφ � T � L � � 1�� ∞

0 LdL � 1 � cosφ � T � L ��� � (4)

For energiesnearthemaximumtrappingenergy TM a
singularbehavior developsin L, as illustratedin Fig. 4.
Wehavebeenableto obtainanexpressionfor thisbehav-
ior by makingan expansionof φ � T � L � in Taylor series
aboutthepoint (TM, LM �! ΛM )

φ � T � L �#"%$ γ
2 & 6γ ' δT � δLLM

mr20 (*) 2
3 
 2δLLM

mr30 +-,
1
2 �
(5)

whereδT . T � TM, δL . L � LM , r0 is the inflection
point in Veff � LM � r � , and

γ � � ∂3Veff � L � r �
∂r3 //// r 0 r0 1 L 0 LM

�

This expressionwell characterizesthesingularbehavior
of thescatteringangleandalsotheright wing of thepeak,
but it soonfails in theleft wing (seeFig.).

Onemight supposethat this singularbehavior is re-
sponsiblefor theobservedstructuresor oscillationsin the
spectrumand asymmetryparameter. However, in fact,
a singularbehavior in φ � T � L � leadsto rapid oscillations
of thetrigonometricfunctionsof Eqs.3,4,so thatsucha
region doesnot contributein the integrationover impact
parameters.Onecanseethis analytically. (This resultis
contraryto the suggestionin (1) that oscillation in φ is
unlikely to beaveragedby theintegration.)

Thuswe concludethat the trappingsingularitywhich
occursin screenedpotentialsis not directly responsible
for theobservedoscillations.

QUANTUM DESCRIPTION

Our calculationsindicate that the structuresseenin
classicalbremsstrahlungare also can be found in the
quantumcase(Fig. 1). Thesimilarity is only qualitative.

In a quantumcalculationone obtainsthe spectrum
andasymmetryparameterby summingcontributionsof
dipoletransitionradialmatrixelementsof low initial and
final angularmomentum.The expressionsfor the spec-
trum is (2)

kdσ
dk � 16π2ck4

T ∑
l1 1 l2 l 24365 ν2 373 r 383 ν1 9 3 2 � (6)

where l1 and l2 are the orbital momentaof the projec-
tile electronin initial and final states,l 2 � max� l1 � l2 � ,5 ν2 383 r 373 ν1 9 is thedipolematrixelementbetweenstates3 ν1 9 and 5 ν2 3 . Quantumexpressionfor theasymmetry
parameteris rathercomplicatedand we do not write it
here.

Magnitudesof thetermsin Eq.6, whichgivethemain
contributionto thetotalcrosssectionareshown in Fig. 5.
Themainfeaturescanagainbeunderstoodfrom thesoft
photoncase,onwhichwewill now focus.

It is evidentthatwithin thisformalismthestructuresin
thespectrum(andsimilarly in theasymmetryparameter)
areto beunderstoodasresultingfrom zeroesin dominant
radialmatrixelements.In thespectrumat low energy the
transitionmatrixelements0 : 1 and1 : 0 aredominant;
we are denotingthe matrix elementsby the initial and
final orbital momentaof the projectileelectron. These
thendecreaseto havezeroes,resultingin aminimum.

Note,thatin thesoftphotonlimit, k � T : 0,matrixel-
ements0 : 1 and1 : 0, 1 : 2 and2 : 1 andsoonare
equal,while for largerk � T thebehaviors of thepairsof
matrixelementsaremorespreadout,resultingin lesspro-
nouncedstructures.Comparingresultsfor differentk � T,
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FIGURE 5. Partial contributionsof dominantmatrix elements
to thetotalbremsstrahlungcrosssection(thicksolidline) for the
two valuesof ratiok� T: 0.01(a)and0.2(b). Dashedlinescor-
respondto 0 ; 1 and1 ; 0 transitions,dottedlinescorrespond
to 1 ; 2 and2 ; 1 transitionsanddashed-dottedlines corre-
spondto 2 ; 3 and3 ; 2 transitions. Note that for the soft
photonlimit k� T ; 0 matrix elements<#;=<?> and <�>@;�< are
equal. For finite valueof k � T the matrix elementsarespread
out; we do not label themseparatelyhere.Notealsothatposi-
tionsof matrixelementszeroesdependsonphotonenergy k.

onecanalsoseethatthepositionsof zeroesin matrixele-
mentsvarywith theenergiesof theinitial andfinal states;
thetrajectoriesof thepositionsof matrix elementzeroes
havebeendiscussedin (6). Notealsothatfrom thisview-
pointwewouldnotexpectfurtherstructuresatstill lower
energies,unlessthetransition0 A 1 hadfurtherzeroes–
which it shouldnot, basedon our otherwork (6). This
hadnotbeenclearin thenumericalclassicalcalculations,
which failedfor energiestoonearthemaximumtrapping
energy TM .

We seethat the classicalandquantumstructuresare
qualitatively similar. Perhapsthis reflectsa connection
betweenclassicaltrappingandquantumboundstatesand
resonances.It is knownthatthereis aconnectionbetween
numbersof boundstatesandnumbersof matrix element
zeroes(6). Evidentlyfurtherstudyis needed.
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