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Abstract. A studyof theorigin of structuresn theenegy dependencef electronbremsstrahlungs presentedThere
is asimilarity betweerclassicabndquantunresults.In the quantumcasea connectiorbetweerzeroesf dipole matrix
elementandstructuresn thebremsstrahlungrosssectionandasymmetnparameters establishedln theclassicatase
it is foundthatclassicaltrapping,which resultsin a singularbehaior of the scatteringanglewith impactparameteris

notdirectly responsibldor the obseredstructures.

INTRODUCTION

We presenthere a study of the origin of structures
in theenegy dependencef the electronbremsstrahlung
crosssectionk(j’—lgJr andthe asymmetryparameten, for a
givenratio of photonenepgy k andprojectileelectronen-
ergy T. The asymmetryparametecharacterizethe an-

gulardistribution of radiation:
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whereQy is the photonemissionangleandP; is theLeg-
endrepolinomial.

We illustratethe structuredor the caseof an Al atom
in Fig. 1 (for calculationsperformedin a quantumap-
proach)andin Fig. 2 (for aclassicabpproach)Thestruc-
tureswerefirst seenin numericalcalculationsof angu-
lar distributionsof electronbremsstrahlun@n a screenec
atomicpotentialfor Al within theframework of classical
electrodynamicél). Similarfeaturesverelaterobsenred
in the correspondinguantumcasefor Eu (2). Herewe
shav our quantumresultsfor Al, which arequalitatively
similarto theclassicalesults.We have subsequentlglso
seensimilar structuresn the enegy dependencef the
classicalcrosssection(3), seeFigs.1 and2. The corre-
spondencéetweerclassicaland quantumstructureen-

courageshebeliefthatthey arerealphysicalphenomena.

(However modificationsdueto classical(4) or quantum
(5) polarizationalbremstrahlungrom the atomic struc-
turehave notyetbeenexamined.)

It had initially beennoted (1) that in the classical
casethesestructuresveredevelopingasthe electronen-
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FIGURE 1. Quantunctase:enegy dependencef (a)theasym-
metryparametea, and(b) thecrosssectionfor Al for different
ratiosof photonenegy k andprojectileelectronenegy T: solid
line k/T = 0.01,dashedine k/T = 0.2, dottedline k/T = 0.6.
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FIGURE 2. Classicakase:enegy dependencef (a) theasym-
metryparametea, and(b) thecrosssectionfor Al for different
ratiosof photonenegy k andprojectileelectronenegy T: solid
linek/T =0, dashedine k/T = 0.2, dottedline k/T = 0.4.

ergy approachedhe maximumenenpy of classicaltrap-
ping from above. Classicakrappingoccursin a screened
Coulombpotentialwhenthe projectileelectronenepy (at
givenangularmomenturl) is equalto the heightof the
barrierin the effective potential

Ver(L,1) = V(1) +A/(2mp), )

whereV(r) is the atomic potential,m is the projectile
mass,A = L(L +1) in the quantumcaseandA = L2 in
theclassicakase (Effective potentialsfor variousvalues
of A areplottedin Fig. 3.) For suchatrajectorytheradial
componenbf acceleratiornvanishesat the turning point
of radial motion, and the incoming electronis trapped
by the target. (The correspondingjuantumphenomena
is the presencenf shaperesonance# scattering.) For
nearbyenegies and nearbyangularmomentathe elec-
tron will make mary revolutionsaboutthe target before
escapingThus,in ascreenegbotential thescatteringan-
gle ¢(T,L), considerechsa function of electronenegy
T andmomentunlL, hasa singularity changingfastfor
nearbyenegiesandmomentaasshawn in Fig. 4. At a
certainvalue A = Ay the effective potentialhasan in-
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FIGURE 3. Effective potentialsVeg in Al for differentvalues
of A (seeEq. 2). Theeffective potentialhasaninflectionpoint
at\ = Ay = 5.66 with a correspondingnegy Ty = 0.64 eV.
Note differentscalesfor negative andpositive valuesof the ef-
fective potential.
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FIGURE 4. Scatteringangle(T, L) asafunctionof L for sev-
eralvaluesof enegy T (solid lines). Dashedine corresponds
to Eq.5, dottedline corresponds$o the Coulombpointfield.

flectionpoint (with a correspondingnegy T = Ty) and
thenthe outerbarriercoalescesvith the centrifugalbar
rier. For Al Ay = 5.66 and Ty = 0.64 eV. Trappingis
not possibleatenegieshigherthanTy. Sincethereis no
outerbarrierin the point Coulombpotentialthereis no
trappingin the Coulombcase andthe scatteringangleis
asmoothfunctionof L andT.

It had beensupposedl) thatthe classicalstructures
were connectedo the onsetof trapping. Our present
studiesshaw that,to the contrary theobsenedstructures
arenot directly associatedvith the trappingor thereso-
nances:The nearsingularregion of classicalscattering
doesnot contrikute to the crosssections. Shapereso-
nancegdo not affect the quantumasymmetryparameter
(in factresonancearenot presentat theseenegies),but
the structuresare ratherassociatedvith the presencef
zeroedn dominantmatrix elements(Of coursethereare
connection@amongthesephenomengustasthe number



of zeroesn a matrix elements connectedvith thenum-
berof boundstatesn a potential(6).)

In the next two sectionswve will describehe classical
andthenthe quantumapproachesparticularlyfocusing
onthesoft photonlimit situation,simplerto describeand
alreadyillustratingthe structurefeatures.

CLASSICAL DESCRIPTION

A classicalapproachmay be usedfor the descrip-
tion of bremsstrahlungprocessest low projectile en-
ergies, both in the point Coulomb potential (7) andin
screenedatomic potentials(1, 3, 8). The motion of a
beamof projectilesin the scatteringpotentialis calcu-
latedin the frame of classicalmechanicsand classical
electrodynamicss usedto obtainthe radiationon elec-
tron orbitsandtheresultingradiationspectrum Analytic
resultsareavailablein the point Coulombfield case for
both the spectrum(9) andfor the asymmetryparameter
(7); both have beentakulated(7). Numericalresults,as
illustratedin Fig. 2, have beenobtainedfor screenegbo-
tentials (1, 3), obtainingstructures(oscillations)which
are not presentin the Coulombcase. (In (1) the struc-
turesin the spectrumhadnot beenobsened becauseas
discussedn (3), the spectrawere plottedwith a scaling
factorT /Z% which masledthe behaior.)

We seefrom Fig. 2 thatthe mainfeaturef the struc-
turesarealreadypresenin the soft photonlimit casefor
which the descriptionand procedureof calculationmay
be simplified. In this casethe expressiondor the spec-
trum and asymmetryparametemay be written as (we
usetheatomicsysteme=h= m=1)

kdo 8 =
W:@/0 LdL(1—cosp(T,L)),  (3)

_Jo LdL(1—cosp(T,L))(3cose(T,L) — 1) 4

&= JELdL(1—cosp(T, L)) - @

For enegiesnearthe maximumtrappingenegy Ty a

singularbehaior developsin L, asillustratedin Fig. 4.

We have beenableto obtainanexpressiorfor this beha-

ior by making an expansionof @(T,L) in Taylor series
aboutthepoint (Ty, Lm = v/Awm )

1
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(5)
wheredT =T — Ty, 6L = L — Ly, ro is the inflection
pointin Ves(Lm,r), and
_ asveﬂ‘(l-:r)
- or3

r=ro,L=Lm

This expressionwell characterizeshe singularbehaior
of thescatteringangleandalsotheright wing of the peak,
but it soonfailsin theleft wing (seeFig.).

One might supposehat this singularbehaior is re-
sponsibldor theobsenedstructurer oscillationsin the
spectrumand asymmetryparameter However, in fact,
a singularbehaior in @(T,L) leadsto rapid oscillations
of thetrigonometricfunctionsof Eqs.3,4, sothatsucha
region doesnot contributein the integrationoverimpact
parametersOnecanseethis analytically (This resultis
contraryto the suggestiorin (1) that oscillationin @ is
unlikely to beaveragedy theintegration.)

Thuswe concludethatthe trappingsingularitywhich
occursin screenedotentialsis not directly responsible
for theobsenedoscillations.

QUANTUM DESCRIPTION

Our calculationsindicate that the structuresseenin
classicalbremsstrahlungare also can be found in the
guantumcase(Fig. 1). Thesimilarity is only qualitative.

In a quantumcalculationone obtainsthe spectrum
and asymmetryparameteby summingcontritutions of
dipoletransitionradialmatrix elementf low initial and
final angularmomentum. The expressiondor the spec-
trumis (2)

kdo ck? 2
W—]-@TZ? I> [<va||r|lvi >, (6)

1,12

wherel; andl, arethe orbital momentaof the projec-
tile electronin initial andfinal states,|s = max(ly,|>2),
< Vy||r]lv1 > isthedipolematrixelemenbetweerstates
[v1 > and< v;|. Quantumexpressiorfor theasymmetry
parameteiis rathercomplicatedand we do not write it
here.

Magnitudeof thetermsin Eq.6, which give themain
contributionto thetotal crosssectionareshavn in Fig. 5.
The mainfeaturescanagainbe understoodrom the soft
photoncase pnwhichwe will now focus.

It is evidentthatwithin thisformalismthestructuresn
thespectrum(andsimilarly in theasymmetryparameter)
areto beunderstoodsresultingfrom zeroesn dominant
radialmatrix elementsin the spectrurmatlow enegy the
transitionmatrixelement® — 1 and1 — 0 aredominant;
we are denotingthe matrix elementsby the initial and
final orbital momentaof the projectile electron. These
thendecreas¢o have zeroesyesultingin aminimum.

Note, thatin thesoftphotonlimit, k/T — 0, matrixel-
ementd —+ 1andl — 0,1 — 2and2 — 1 andsoonare
equal,while for largerk/T the behaiors of the pairsof
matrixelementaremorespreadut, resultingin lesspro-
nouncedstructures Comparingresultsfor differentk/T,



200

150

in barn

100

50

Cross section

1 5 10 50 100
Electron  energy in eV

500 1000

200

150

100

in barn

50

Cross section

1 5 10 50 100

500 1000

Electron  energy in eV

FIGURE 5. Partial contritutionsof dominantmatrix elements
to thetotalbremsstrahlungrosssection(thick solidline) for the
two valuesof ratiok/T: 0.01(a) and0.2 (b). Dashedinescor-
respondo 0 — 1 and1 — Otransitionsdottedlinescorrespond
to 1 — 2 and2 — 1 transitionsand dashed-dottetines corre-
spondto 2 — 3 and 3 — 2 transitions. Note that for the soft
photonlimit k/T — 0 matrix elements{ — ¢' and¢' — ¢ are
equal. For finite value of k/T the matrix elementsare spread
out; we do not labelthemseparateljhere. Note alsothat posi-
tionsof matrix elementzeroesdepend®n photonenegy k.

onecanalsoseethatthepositionsof zeroesn matrix ele-
mentsvarywith theenegiesof theinitial andfinal states;
thetrajectoriesof the positionsof matrix elementzeroes
have beendiscussedh (6). Notealsothatfrom this view-

pointwe would not expectfurtherstructurest still lower

enepgies,unlessthetransition0 < 1 hadfurtherzeroes-

which it shouldnot, basedon our otherwork (6). This

hadnotbeenclearin thenumericalklassicakalculations,
whichfailedfor enegiestoo nearthe maximumtrapping
enegy Ty.

We seethat the classicaland quantumstructuresare
qualitatvely similar. Perhapghis reflectsa connection
betweerclassicatrappingandquantumboundstatesand
resonancedt is knownthatthereis aconnectiorbetween
numbersof boundstatesandnumbersof matrix element
zeroeq6). Evidentlyfurtherstudyis needed.
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