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The validity of impulse approximation (IA), which is commonly used in the description of Compton scattering of photons from
atomic electrons, is discussed with particular attention to the kinematical region in which the photon momentum transfer k is not much
larger than the average bound electron momentum a of a given shell. IA can be justiﬁed in the Compton peak region of the spectrum if a/
k  1. However, for the doubly diﬀerential cross-section of photon–atom scattering (ejected electrons not observed) IA is commonly
used, and viewed as adequate, while only requiring that a/k < 1. In addition to a general discussion of the validity of IA (and the relativistic version RIA) for doubly and triply diﬀerential cross-sections, in this paper, we are particularly concerned with (1) the asymmetry
around the IA peak of the Compton proﬁle and (2) the contribution of the ~
p ~
A interaction term (neglected in IA) in the peak region for
a/k < 1. We argue that the observed asymmetry of the Compton proﬁle is to a large extent just a shift of the IA proﬁle. We ﬁnd that ~
p ~
A
contribution to the peak region for a/k  1 is important only for scattering from high Z K-shells.
Ó 2007 Elsevier B.V. All rights reserved.
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1. Introduction
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Impulse approximation (IA) is commonly used in the
description of Compton scattering from atoms, the inelastic scattering of a photon in which an electron is ejected. IA
involves the assumption that scattering from bound electrons can be described as scattering from a momentum dis2
tribution qð~
pÞ of free electrons, where qð~
pÞ ¼j wð~
pÞj and
wð~
pÞ is the Fourier transform of the coordinate space electron wave function [1–4].
In this paper, we will discuss the validity of impulse
approximation, with particular attention to the kinematical
region in which a/k < 1, where a is the average bound elec-
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tron momentum and k is the photon momentum transfer.
We will also discuss the contribution of the ~
p ~
A interaction
term (neglected in IA) in the peak region for a/k  1.
In Section 2, we review the general treatments of Compton scattering and note new additions to our understanding. In Section 3, we discuss the diﬀerence in the validity
of IA for the DDCS and the triply diﬀerential cross-section
(TDCS). In Section 4, we discuss the so-called asymmetry
of Compton proﬁle and give a new deﬁnition of asymmetry. In Section 5, we discuss the importance of ~
p ~
A contributions for high Z elements when a/k < 1.
2. General work and new additions
The DDCS (ejected electrons not observed) in IA is a
product of a simple kinematical factor and the Compton
proﬁle J(pz), (units 
h = c = 1 are used)
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d 2r
1
xf m
J ðpz Þ;
¼ ð1 þ cos2 hÞ
dxf dXf 2
xi k

ð1Þ

where xi (xf) is incoming (outgoing) photon energy, ~
k is
the photon momentum transfer ð~
k ¼~
ki  ~
k f Þ and h is the
photon scattering angle
Z 1
J ðpz Þ ¼
qðpÞpdp; ½e:g: for an H-like K-shell

3

;

a ¼ mZa

ð2Þ

th
o

r's

pe

rs

and pz = k/2  m(xi  xf)/k is the component of the initial
state electron momentum in the direction of the photon
momentum transfer ~
k. The importance of the IA lies in this
simple connection Eq. (1) between the observable (DDCS)
and the structure [q(p)]. The IA predicts J(pz) is symmetric
around pz = 0. However, discrepancies have been found
and are attributed to asymmetry around pz = 0. We will
discuss this issue, arguing that this is just a shift in the spectrum, while the asymmetry around the shifted peak position is very small.
A derivation of the IA from nonrelativistic A2 approximation (which neglects the ~
p ~
A term in the electron photon
interaction) for the DDCS was given by Eisenberger and
Platzman [2]. It was argued that with increasing incident
photon energy (for which the ~
p ~
A contribution can be
neglected) the time scale on which the process occurs
becomes short, which allows the cancellation of the electron ﬁnal state potential energy with the electron initial
state potential energy. In eﬀect, this results in scattering
of photons from a distribution of free electrons, which is
just the IA. The IA was argued by EP to be justiﬁed in
the Compton peak region if (a2/k2)2 is small. However,
for the DDCS the IA is commonly used, and viewed as adequate, in much more general circumstances, only requiring
that a/k < 1.
While the IA utilizes the nonrelativistic photon–electron
scattering, there is a corresponding relativistic version
(RIA) introduced by Ribberfors [3]. In the RIA the DDCS
is not just proportional to the Compton proﬁle, J(pz).
However, further approximations make it possible to write
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J ðpz Þ ¼
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py

of photon momentum transfer ~
k, now determined by relativistic kinematics.
Although the RIA employs the full electron–photon
interaction, it cannot describe all aspects of the Compton
spectrum (such as resonances and infrared divergences)
since electrons are assumed free. The full relativistic independent particle approximation (IPA) S-matrix calculations
of Compton scattering were performed in the early 1990s
[4,5]. The S-matrix calculations use the full relativistic photon electron interaction (in second order) in a self consistent
(IPA) potential. The numerical evaluation is performed
with multipole and partial wave expansions, which make
it necessary to perform numerically only radial matrix elements. The S-matrix calculations allow discussion of all
three features of the Compton spectrum: the infrared divergent region (as xf ! 0), the resonant region (for scattering
with the ejection of an electron from a shell above the
K-shell), and the Compton peak region (which is the only
region treated by the IA or the RIA). The S-matrix
approach also allows testing the validity of the much simpler RIA, and conﬁrms its usefulness at relativistic energies
except for K-shells of high Z atoms. While the RIA is valid
for the DDCS for a/k < 1 for low Z elements (as in the nonrelativistic case), for high Z elements there are important
contributions (neglected in the RIA) which correspond to
the nonrelativistic ~
p ~
A interaction. We ﬁnd them important
in the peak region only for scattering from high Z K-shells.
It should be pointed out that for the whole atom DDCS
in the Compton peak region, the contributions of inner
shells are much smaller than the contributions of outer
shells (due to the number of electrons and due to the fact
that at the peak the contribution of each bound electron
is approximately inversely proportional to its average
momentum, which is smaller for higher shells). For an
inner shell electron the peak region is much broadened,
with the same area. For the TDCS (when the angle of
the outgoing electron is observed as well) the IA is also a
well deﬁned approach (despite an apparent violation of
the conservation of energy), but its validity is only achieved
for a/k  1 [6].

d 2r
¼ K:F:  ðJ ðpmin Þ þ CðJ ðpmin ÞÞÞ;
dxf dXf

ð3Þ
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where C(J(pmin)) is a correction which is very small at large
angles, K.F. is now a relatively complex kinematical factor
and pmin (which q
inﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
[3] is given only approximately) is now

given by pmin ¼ E2min  m2 , where

1
1
2
Emin ¼ ðxi  xf Þ þ xi xf ð1  cos hÞ
4
2
#12
2
ðxi  xf Þ
1
2
Þ  ðxi  xf Þ:
þ m ð1 þ
2
2xi xf ð1  cos hÞ

ð4Þ

Here pmin (approximates pz as deﬁned in [3]) is a component of the initial state electron momentum in the direction

3. Diﬀerence of TDCS and DDCS
The diﬀerence between the TDCS and the DDCS may
be analyzed by looking at the analytical expressions for
Coulombic K-shell matrix elements squared in the IA
and in full A2 approaches. These expressions diﬀer in a
simple angular dependent factor

2
ð~
k  ð~
k ~
pÞÞ2 þ ap ð~
k ~
pÞ
;
ð5Þ
ðk 2  p2 þ a2 Þ2 þ 4p2 a2
where ~
p is the outgoing electron momentum. While the IA
for the DDCS is apparently valid for a/k < 1, for the TDCS
its validity is achieved only for a/k  1. This is illustrated
in Fig. 1, where the DDCS (panel a) and the TDCS (panel
b) are shown for the scattering of 59 keV photons from the
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Fig. 2. (a) Coulombic (full line) and IA predictions (dotted line) of the
Compton proﬁle for the scattering of 10 keV photons from the K-shell of
beryllium, for the scattering angle h = 165°, (b) asymmetry A, experimental data [8], Coulombic results (using Zeﬀ, solid line) and S-matrix results
(dashes) are shown and (c) symmetric S and antisymmetric A 0 parts.
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should be noted before proceeding further. The variables
which describe J can be taken as (pz, k) or as (xf, h), or
otherwise. The theory often assumes that k is ﬁxed and that
pz varies, as depicted in Fig. 2(a). However, experimentally
h is normally ﬁxed and variation in xf is observed. When
a/k is small, k is nearly constant in the peak region, so that
variation in xf corresponds to variation in pz. This has not
been studied in more detail, as noted in [8].
An example of asymmetry data obtained for the beryllium atom (whole atom scattering) by Huotari et al. [8],
for the scattering of 10 keV photons into h = 165°, is
shown in Fig. 2(b), together with our K-shell Zeﬀ and Smatrix predictions with a screened potential. (Huotari
et al. found experimentally that contributions from valence
electrons to the asymmetry A(pz) are negligible.) Note that
the overall magnitude and behavior are much better represented by S-matrix calculations. (Calculations of asymmetry in screened potential but within the A2 approximation
were performed for He and Ne by Wong et al. [9].)
It is evident that the deviation from the IA at these energies can be analyzed within an IPA picture. We have
recently observed that asymmetry A(pz) is to a large extent
just a shift of the spectrum (i.e. there is little asymmetry
around the true peak, which is shifted by an amount d from
the IA peak at pz = 0). We have found this result also for
low Z elements in using our S-matrix code at relativistic
energies. Hence, we suggest a new deﬁnition of asymmetry.
The relative diﬀerence between a shifted Compton proﬁle J
(shifted by d so that its maximum is at pz = 0) and the IA
prediction JIA normalized by N to give the same peak value
as J can be partitioned into small symmetric S and antisymmetric A 0 parts
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K-shell of Cu into h = 140°. The results are obtained by
S-matrix calculations (from [7]) and by using the IA.
Although a/k  1, we see that DDCS is well described by
the IA. The TDCS shown in panel b is calculated for electron momentum ~
p in the direction of ~
k. However, the IA
overestimates the TDCS by more than a factor of two.
For other electron angles the IA underestimates the TDCS,
and the average over all electron angles yields a good result
for the DDCS. The validity of the IA is achieved for the
electron spectrum (integrated over scattered photon angles)
only when a/k  1.

al

Fig. 1. DDCS (a) and TDCS (b) for the scattering of 59 keV photons
from the K-shell of Cu into h = 140° (r0 = a/m). In panel (b) electron
momentum ~
p is in the direction of momentum transfer ~
k.

4. Asymmetry
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The Compton proﬁle deviates from IA predictions. This
deviation is illustrated in Fig. 2 for the scattering of 10 keV
photons from the K-shell of beryllium, for the scattering
angle h = 165°. We have chosen an eﬀective charge
Zeﬀ = 2.86 to have a realistic binding energy and a proﬁle
for the K-shell of the Be atom. For this situation a/k =
0.54. The ﬁgure (panel a) shows Coulombic (with Zeﬀ)
predictions (full line) and IA predictions (dotted line).
One can see that the positions of the peaks in the two
approaches diﬀer by some amount d(a/k), with the position
of the peak of JIA at pz = 0. The heights of the peaks J(d)
and JIA(0) are also diﬀerent, and N(a/k) denotes their ratio.
Since experiments usually measure only relative cross-sections, the experimental data are often normalized to theoretical values, and the remaining diﬀerence between IA
predictions and measured values is expressed in terms of
the so-called asymmetry
Aðpz Þ ¼

J ðpz ; kÞ  J ðpz ; kÞ
:
J ð0; kÞ

ð6Þ

A slight inconsistency between the usual form of theoretical predictions and the usual experimental results

J ðpz þ d; kÞ  NJ IA ðpz Þ
¼ Sðpz ; kÞ þ A0 ðpz ; kÞ:
J ðd; kÞ

ð7Þ
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The A 0 deﬁned in this way is the true asymmetry of the
Compton proﬁle, while S is the main deviation from the
IA shape. In Fig. 2(c), we show S and A 0 for the case of
Fig. 2(a) and (c) shows that both S and A 0 are small, A 0
being about 0.1% at the largest pz at which the experiment
(Fig. 2(b)) was performed, and S being about 2%.
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Fig. 4. (a) The ratio R is a function of Z for ﬁxed a/k = 0.6 and (b) R is a
function of angle for the case in Fig. 3.
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In the limit xf ! 0 the DDCS can be described in terms
of photoeﬀect, by using the low-energy theorem [5]. (The
low-energy theorem (LET) connects a radiative process
(Compton) with the corresponding nonradiative process
(photoeﬀect) in the xf ! 0 limit.) Roughly, the DDCS is
/(1/xf)/rphoto and it is determined by the ~
p ~
A term. The
LET result is shown in Fig. 3 by dotted lines, which are
extrapolated (by using the 1/xf dependence) toward the
peak region, in order to give at least a rough estimate of
the ~
p ~
A contribution in the peak region. R denotes the
ratio between the LET result at the Compton peak and
the RIA result at the Compton peak, and it gives us an estimate of the relative importance of the ~
p ~
A term at the
peak. We have analyzed Rboth by using S-matrix calculations and by using approximate analytic expressions for
photoeﬀect to obtain the LET prediction. The results are
shown in Fig. 4. Panel a shows R (obtained using approximate analytical expressions for the LET contribution) as a
function of Z for ﬁxed a/k = 0.6 (corresponding roughly to
the case in Fig. 3). The ﬁgure exhibits a strong Z dependence (approximately Z3 in our crude model) in R which
gives that ~
p ~
A contribution is important only for the Kshell of high Z atoms. Fig. 4(b) gives R as a function of
angle for the case in Fig. 3 and shows estimates obtained
both with the crude analytic formula and by extrapolating
S-matrix calculations. We can see that these two rough estimates are of similar magnitude.
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We ﬁnd the revised description of deviations from the
IA in terms of (d,N) also applicable at relativistic energies,
except however for high Z K-shell Compton scattering.
The diﬀerence in this case can be understood as due to
the contribution of the ~
p ~
A interaction term (neglected in
the RIA) in the peak region for a/k  1. We have performed an analysis (including for high Z) using our relativistic S-matrix numerical approach. We have indeed found
that the ~
p ~
A contribution to the peak region for a/k  1
is important, but only for the scattering from high Z
K-shells. For low Z elements, the contribution of the
~
p ~
A term for a/k  1 (or the relativistic analog of the
~
p ~
A term) is negligible (as demonstrated below) and
the RIA is found adequate under the same conditions as
the IA.
The high Z behavior of the Compton proﬁle is illustrated in Fig. 3 for the scattering of 450 keV photons from
K-shell of uranium (Z = 92) into 90° (panel a) and 180° (b).
The proﬁles are obtained using Eq. (3). The ﬁgure shows
that the infrared behavior (rise of the proﬁle as pz becomes
increasingly negative, which corresponds to xf ! 0) for
high Z is not separated from the peak region, which
illustrates the importance of the ~
p ~
A term when a/k  1.
(If we increase photon momentum transfer k so that
a/k  1, we obtain a situation similar to low Z cases for
a/k  1, i.e. the ~
p ~
A contribution in the peak region
decreases.)

py

5. High Z behavior

Fig. 3. The Compton proﬁle for the scattering of 450 keV photons from
K-shell of uranium (Z = 92) into 90° (a) and 180° (b).

6. Summary
We have discussed the validity of impulse approximation, with particular attention to the kinematical region
in which a/k < 1. In a nonrelativistic regime the IA for
the DDCS is fairly good as long as a/k < 1, which is less
restrictive than required by Eisenberger and Platzman.
The same is true for the RIA at relativistic energies for
low Z atoms. We have argued that the main discrepancies
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between IA results for Compton proﬁles and the more
exact results (which are usually called asymmetries) are in
fact shifts of the proﬁle, and we have found that the true
asymmetry of the proﬁle is very small. We have discussed
the contribution of the ~
p ~
A interaction term (neglected in
the IA) in the peak region for a/k  1. We have found that
this contribution to the peak region is important for scattering from high Z K-shells.
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